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Let k be an algebraically closed field of characteristic p > 2. By a result of Kumar and Thomsen 
(see flKTOlll "). the standard Frobenius splitting of A| induces a Frobenius splitting of Hilb"(A|). In 
this thesis, we investigate the question, "what is the stratification of Hilb"(A^) by all compatibly 
Frobenius split subvarieties?" 

We provide the answer to this question when n < 4 and give a conjectural answer when n = 5. 
We prove that this conjectural answer is correct up to the possible inclusion of one particular one- 
dimensional subvariety of Hilb^(A|), and we show that this particular one-dimensional subvariety 
is not compatibly split for at least those primes p satisfying 2 < p < 23. 

Next, we restrict the splitting of Hilb"(A^) (now for arbitrary n) to the affine open patch Ui^^.y^^) 
and describe all compatibly split subvarieties of this patch and their defining ideals. We find de- 
generations of these subvarieties to Stanley-Reisner schemes, explicitly describe the associated sim- 
plicial complexes, and use these complexes to prove that certain compatibly split subvarieties of 
U(^x,y-r^) are Cohen-Macaulay. 
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INTRODUCTION 



Let k be an algebraically closed field of characteristic p > 2, and let X be a quasiprojective 
smooth surface defined over k. The Hilbert scheme of n points on X, denoted Hilb"(X), is the 



2n-dimensional smooth scheme (see |Fog68|) which parametrizes all dimension-0, degree-n sub- 
schemes of X. If X is Frobenius split, then Hilb"(X) is Frobenius split (see IIKTOlll "). More specifi- 
cally, if X is Frobenius split compatibly with the anticanonical divisor D, then Hilb"(X) is Frobenius 
split compatibly with the anticanonical divisor described set-theoretically by 



{q G Hilb"(X) I Supp(g) n L> / 0}. 



In this thesis, we are interested in the case X = A| and D = {xy = 0}. Our motivating problem 



is to understand the stratification of Hilb"(A|) by all of its finitely many (see [1KM09L HSchOgB I 
compatibly split subvarieties (with respect to this particular splitting). 




Figure 1: The compatibly split subvarieties of Hilb^(A^,) 



Vll 



To gain some intuition, we consider the n = 2 case. The stratification of Hilb^(A|) by all 
compatibly split subvarieties is shown in Figure 1. We have drawn a "stratum representative" (see 



Subsection 2.1.2 ) to correspond to an entire compatibly split subvariety. For example, the picture 
where the two points are at the origin and on a diagonal line represents the punctual Hilbert 
scheme, denoted HilbQ(A|), which parametrizes dimension-0, length-2 subschemes of A| that are 



supported at the origin. Note that HilbQ(A^) = P^. 



To gain further intuition into our problem, we remark (see Proposition 2.1.1 1 that finding all 



compatibly split subvarieties of Hilb"(A^) is equivalent to finding all compatibly split subvarieties 
Z C Hilb'"(A|) for m < n, where Z is a subvariety the punctual Hilbert scheme Hilb™(A|). More 
precisely, for sufficiently large primes p,YQ Hilb"(A|,) is a compatibly split subvariety if and only 
if Y is the closure in Hilb"(A^) of the (set- theoretic) image of a map 

i : Hilb'' ("punctured y-axis") x Hilb' ("punctured x-axis") x Hilb*(A^ \{xy = 0})xZ 

^Hilb«(Af,) 

(/i,/2,/3,/4) ^/in/2n/3n/4 

for some r,s,t > with r + s + t < n and for some compatibly split Z C Hilb"^''^'*^*(A|) with 
the property that Z C Hilb^"''~"~*(A2). Of course, in order to understand all compatibly split 
subvarieties of Hilb"'(A|), we must still compute all of these Z C Hilb[}'(A^), m < n. 

One method for finding all compatibly split subvarieties for small n is to utilize an algorithm of 
Allen Knutson, Thomas Lam, and David Speyer. We explain this algorithm in the Frobenius splitting 



background section and use it in Subsection 2.2.1 to produce the stratification of Hilb (A|) pictured 



above. In Subsection 2.2.2 we use other tools (primarily the moment polyhedron of Hilb" (A^)) to 
produce all compatibly split subvarieties of Hilb"(A|) for n < 4, as well as provide a conjectural 
list of all compatibly split subvarieties of Hilb^(A^). We prove that this conjectural list is correct up 
to the possible inclusion of one particular one-dimensional subvariety of Hilb^(A^), and we show 
that this particular one-dimensional subvariety is not compatibly split for at least those primes p 
satisfying 2 < p < 23. 



Vlll 



After the discussion of the n = 5 case, we restict our attention to the open affine patch 



^{x,y") = {I ^ Hilb"(A|) I {1,2/,...,?/" ^} is a /c-vector space basis of k[x, y]/I}- 

This patch has an induced Frobenius splitting and so we may ask the question, "what are all of 
the compatibly split subvarieties of U(^x,y-^) with the induced splitting?" In Section 



2.3 



we answer 



this question for general n. We describe the defining ideals of these subvarieties and we find 
degenerations to Stanley-Reisner schemes. We provide an explicit description of the simplicial 
complexes associated to these Stanley-Reisner schemes and use these complexes to prove that 
certain compatibly split subvarieties of Ui^^^yn-^ are Cohen-Macaulay. 

This thesis has two chapters. Chapter 1 discusses relevant background material, an unpub- 
lished result of David E Speyer, and the unpublished Knutson-Lam-Speyer algorithm for finding 
compatibly split subvarieties. Chapter 2 addresses the material described above. 

Macaulay 2 |GS| was used to perform numerous computations leading to the results appearing 
in Chapter 2 of this thesis. Sage [IS+ll (with the FLINT library) was used to perform some of the 
computations appearing in the discussion of the compatibly split subvarieties of Hilb^(A|). 



IX 



Chapter 1 



Background 



1.1 The Hilbert scheme of points in the plane 
1.1.1 Basic notions 

Material in this subsection is taken primarily from llNak99[ Chapter 1]. 

Let k be an algebraically closed field. The Hilbert scheme of n points in the affine plane, 

Hilb"(A|), is the scheme parametrizing all zero-dimensional, length-n subschemes of A^. More 
precisely, Hilb"(A|) represents the contravariant functor 



Example 1.1.1. 1. The Hilbert scheme of 1 point in the plane is isomorphic to A^. 

2. A zero-dimensional, length-2 subscheme of A| is determined by either (i) two distinct un- 
ordered locations (xi,yi), {x2,y2) G A|, or (ii) one location (x,y) G A| along with a projec- 
tive vector V £ P^. Indeed, Hilb^(A^) = Bl^i^l x A^)/52 where Bl^i^l x A^) denotes the 
blow-up of A| X A| along the diagonal locus A := {{{x,y), {x,y)) \ {x,y) G A|,}. 

Consider the action of the symmetric group Sn on (A|)" by permuting the various copies of A^. 



V.ilb^2 ■ Schemes — Sets 



■fc 



nubi^ {U) = {z <ZU xAl 



IT : Z ^ U is flat with dimension-0, length-n fibers 



Z is a closed subscheme and 
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Taking the quotient of (A|)" by Sn yields the Chow variety, the scheme of n unlabelled locations 
in the plane. This scheme is often denoted by 5"(A^). An element of 5"(A^) is written as a sum 

ix,y)eAl 

where the coefficients {a(^x,y) I i^: u) £ A|} are non-negative integers that sum to n. 
Definition 1.1.2. The Hilbert-Chow morphism 

^ : Hilb'^(Al) ^ 5"(A|) 

is the map which takes each zero-dimensional, length-n subscheme of A| to its support with mul- 
tiplicities. That is, 

^-.Z^Yl length(Z,)[x]. 

Notice that 5„ acts freely on the open set V C (A|)" where all of the n locations are distinct. 
Thus, the Chow variety is smooth along V/Sn- 5'"(A^) is singular along the closed subvariety where 
at least two points collide. 

Theorem 1.1.3. l pog68]l 



1. : Hilb"{Al) — )- {Al)^/Sn defined in Definition 1.1.2 is a birational, projective morphism of 



schemes. It is an isomorphism over the open set where all points are distinct. 

2. Hilb'^{Al) is connected and smooth. Thus, the Hilbert-Chow morphism is a resolution of singu- 
larities. 

As a corollary, Hilb" (A|) is irreducible. In addition, because the Chow variety is 2n-dimensional 
and the Hilbert-Chow morphism is birational, Hilb"(A^) is also 2n-dimensional. 

1.1.2 An open cover 

In this subsection, we describe an open cover of Hilb"(A|) indexed by the colength-n monomial 
ideals. Our main references for this material are llHai98L [IMS051 Chapter 18], and ULedllH . 



Definition 1.1.4. Let A be a colength-n monomial ideal. Define U\ C Hilb"(A|) to be the set of 
ideals / such that the monomials outside of A form a A;-vector space basis for fc[x, y]//. 

Notice that the set of all Ux cover Hilb"(A|). Indeed, if / G Hilb"(A|) and > is a term order, 



the initial ideal init>(/) (see Subsection 1.4.1 for relevant definitions) is a colength-n monomial 
ideal and the n monomials outside of init>(/) form a fc-vector space basis for k[x,y\/I. Thus, 

I £ f^mit>(/)- 

Any ideal I G U\ has a unique set of generators of the form 



Thus, the c^'^ are coordinates on Ux. Furthermore, if 5 e /, then x ■ g e I and y ■ g e I. These 
conditions yield relations in the various c^'^. To be precise, suppose that g = x^'y^ — ^^hyi^x ^''hi^^y^ 
is an element of /. Then, 

x.5 = x^+V- (*) 

x^y^^X 

is also in /. Notice that some of the x^+^y' appearing in (*) are in A. We can therefore replace 
these x^^^y'- G A using x^^^y'- — Y^^h'yi' c^l/x^' y^' € / to see that 



x'+^y' 



E E <ZY<^y^'^'\ (**) 



is an element of /. On the other hand. 



y - %i ^ y (***) 

x'^y^^X 



is also in /. Equating coefficients in (**) with those in (***) yield relations amongst various c)^'^. Let 
Jx denote the ideal generated by these relations, along with the relations obtained by interchanging 
the roles of x and y in the above computation. 

Proposition 1.1.5. Thesets Ux are open ajfine subvarieties that cover Hilb^ (Al). The ajfine coordinate 
ring is given by fc[{c^'^ | x^'y^ G A, x^y' ^ -^}]/-^a- 
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Example 1.1.6. Let A = (x, y"). Then C/(^,yn) consists of all / G Hilb"(A^) such that {l,y,..., y""^} 
is a fc-vector space basis for k[x,y]/I. In addition, each / G U/^^^yu^ is generated by the set of 
polynomials 

r r s r,s n—1 r,s r,s i r s ^ / n\T 

Notice that not all of these generators are necessary. In fact, each / G is minimally generated 

by a set of the form 

^ _ r n 0,n n-1 0,n 0,n 1,0 n-1 1,0 1,0t 

(-^ — ly - Cq „_iy ^y - Cg 0, a; - Co„_iy - • • • - Cq ^y - Cq q|. 

Indeed, with respect to the Lex term order with x » y, G is a Grobner basis with initial ideal 
(x,y"). Thus, / G if and only if init(I) = (x,y"). 

The number of generators of the coordinate ring of Ux can be reduced significantly from that in 



Proposition 1.1.5 



Definition 1.1.7. Let A be a colength-n monomial ideal. The standard set of A, which we denote 
by 5a, is the set of all (i, j) G such that x^y^ is a monomial outside of A. The border of A, which 
we denote by Bx, is the set of all G \ S'a such that {i - G Sx or - 1) G Sx- 

Example 1.1.8. Let A = (x^, xy^, y^) G Hilb^(A^). The monomials outside of A are {1, x, y, xy, y^}. 
Therefore, Sx = {(0, 0), (1, 0), (0, 1), (1, 1), (0, 2)} and Bx = {(2, 0), (2, 1), (1, 2), (0, 3)}. 

Often, we draw the Young diagram (using French notation) associated to the monomial ideal A 
instead of writing down the standard set. Notice that the Young diagram and the standard set give 
equivalent information. 

Theorem 1.1.9. Let X be a colength-n monomial ideal. Let Sx denote its standard set and let Bx 
denote its border. The coordinate ring of Ux is generated by those df^^ such that (r, s) G Bx and 
{h,l) G 5a. 

Before concluding this subsection, we note that for many colength-n monomial ideals A, Ux is 
isomorphic to A^". For example, when n < 4,Ux is always isomorphic to A^"^. 
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1.1.3 A torus action 



The torus = acts algebraically on A| by (ti,i2) • {x,y) = {tix,t2y). This induces an action 
on Hilb"(A2). That is, if / G Hilb"(A2), then 

{h,t2)-l = {fiti'x,t^'y)\f{x,y)el). 

Notice that the -fixed points of Hilb"(A^) are the colength-n monomial ideals. 

Lemma 1.1.10. Each U\ is invariant under the T'^-action. As an element of the coordinate ring, cj^'"] 
has T'^-weight {h — r,l — s). 

Proof. Suppose I eUx and x^y^ — J2xhyi(\ ^^hi^'^'ii is a generator of /. Then, 

= t^trix^y' - E.'^.^^A tr^'tr'cz^'y') 

So, as an element of the coordinate ring of Ux, cj^] has weight {h — r,l — s). 

U\ = S^ec{k[{cjl\}]/ Jx) is -invariant because Jx is -homogeneous by construction. □ 

We can use the torus action to prove that Hilb"(A^) is non-singular. To begin, notice that every 
ideal / G Hilb"(A^) has a -fixed point in the closure of its orbit. (Indeed, with respect to any 
monomial order, init(/) e ■ I. As init(/) is a colength-n monomial ideal, it is a T^-fixed point.) 
Therefore, if the Hilbert scheme is singular anywhere, it must also be singular at one of the T^-fixed 
points. We will now show that Hilb"(A^) is non-singular at each T^-fixed point. 

Definition 1.1.11. Let A be a colength-n monomial ideal and let Sx denote its standard set. For 
each X e Sx, we define the arm, a{x), and leg, l{x), as follows: For x = G Sx, 

a{x) := {#{i,r) G 5a | r > j}, l{x) := {#{r,j) eSx\r>i}. 

Proposition 1.1.12. Let \ be a T^-fixed point of Hilb'\Al). The tangent space TxHilb'\Al) is a 
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2n-dimensional T"^ -representation with T'^-weights 

{(-/(x), a{x) + 1) I X G 5a} U {(/(x) + 1, -a(x)) \ xe Sx}. 

We sketch Haiman's proof (see flHaigsn ") of this result. 

Proof (sketch). We show that the Zariski cotangent space m.\/m\ has dimension at most 2n using 
the following procedure. 

1. Work in the open patch Ux and note that m.\ is generated by all of the c^'* in the coordinate 
ring of Ux- 

2. Let Sx denote the standard set of A. Identify each c)^'^ with the vector from (r, s) to {h,l). 
Notice that the position of the tail of this vector is an element of \ Sx and that the position 
of the head of this vector is an element of Sx- 

3. Say that one arrow can be translated to another if there exists a sequence of horizontal and 
vertical shifts moving the first arrow to the second such that the position of the tail always 
remains an element of \ Sx and the position of the head is always of the form {a — c,b — d) 
where (a, b) G Sx and (c, d) € Z>q. (That is, it is permissible for the head of the arrow 
to lie below the x-axis or to the left of the y-axis.) Show that cJ^^^'/J = Chfj^ (mod m^) if 
the arrow associated to cl^i^ can be translated to the arrow associated to c?'V. Show that 
c]l\ = (mod m\) if c^'^^ can be translated such that the head of the arrow lies below the 
X-axis or to the left of the y-axis. 

4. Notice that every arrow can be translated such that one of the following occurs: (i) the head 
crosses an axis, or (ii) there is an x = (i,j) G Sx such that the head of the arrow is at 
(i + l{x),j) and the tail is at + a(x) + 1), or (iii) there is an x = G Sx such that the 
head of the arrow is at {i, j + a(x)) and the tail is at (i + l{x) + 

This procedure yields 2n (i.e. 2 for each x G Sx) elements which span mx/mj^- Thus, the cotangent 
space is at most 2n-dimensional. Because each -fixed point lies in the closure of the smooth, 
2n-dimensional locus where all points are distinct, the tangent space at each -fixed point is also 
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at least 2n-dimensional. Furthermore, we can see from the generators constructed above that the 
Zariski cotangent space has -weights 

{-{-l{x), a{x) + l)\x e Sx}U {-{l{x) + 1, -a{x)) | x G ^a}. 

□ 

Therefore, Hilb"(A^) is non-singular at each of the -fixed points. It follows that Hilb'*(A^) is 
non-singular everywhere. 
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1.2 Frobenius splitting 

In this section, our main source is the textbook IIBK05I1 . As in the text, we let k be an algebraically 
closed field of characteristic p > and let {X, Ox) be a separated scheme of finite type over k. 

1.2.1 Basic notions 

Recall that the absolute Frobenius morphism, F : X ^ X, is defined to be the identity map on 
points and the p^'^ power map on functions. Then, : Ox F^^Ox is an Ox-linear map where 
the module structure on F^Ox is given by a • 6 = a^b for any local sections a,b of Ox- 

Definition 1.2.1. A scheme {X, Ox) is Frobenius split by the Ox-linear map (p : F^^Ox — > Ox if 

(f)o F'^ = lox- The map cf) is called a splitting. 

This definition of "Frobenius split" is a little bit different than []BK05[ Definition 1.1.3]. In 
the book, a scheme X is called Frobenius split if there exists a map (f) : F^Ox Ox such that 
(j)o F^ = lox- ^6 call such schemes Frobenius splittable. We reserve the phrase "X is Frobenius 
split" for when X comes with a fixed splitting. 

The next proposition follows immediately. 

Proposition 1.2.2. I[BK05\ Proposition 1.2.1] If X is Frobenius split then X is reduced. 

Proof. We proceed by contradiction. Suppose X is Frobenius split by (f) : Ox F^Ox- Let [/ C X 
be an affine open subscheme and suppose that Ox{U) has a nilpotent element a. Let n > 1 be the 
integer such that a" = but a""^ / 0. Then a"--^ = (/>((a''-i)P) = 0(0) = 0, a contradiction. □ 

Definition 1.2.3. Let X by Frobenius split by cp F^Ox — > Ox- A closed subscheme y C X is 
compatibly split if (/)(F^,Xy) C ly. 

Again, this definition differs slightly from IIBK051 Definition 1.1.3] because we specify that X 
comes with a fixed splitting. 

Proposition 1.2.4. I\BK05\ Proposition 1.2.1] Let X be Frobenius split by (p : F^Ox Ox- Then 
intersections, unions, and components of compatibly split subschemes are compatibly split. 
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Proof. Let Yi and Y2 be compatibly split subschemes of X with ideal sheaves Xy^ and Xyj. Then, 



^(F^Xy^nya) = 4>iF*lYi) + (p{F*'^Y2) ^ Xy^ +Xy2, and 

(/.(F.Xy.uyJ = </>(F,XyJ n (A(F*Xy,) C Xy, nXy,. 

Thus, intersections and unions of compatibly split subschemes are compatibly split. 

Next, suppose that Yi = DU E where D is an irreducible component of Yi. To show that D is 
compatibly split, we show that 0(Xy^ (U) : Ze{U)) C Xy^ ([/) : Ze{U) for any affine open subscheme 
U. Let a G Iyj{U) : Ie{U) and let b G Xij(C/). Then 

6(/.(a) = <^(6Pa) G <A(2:yi(?7)) C Xy,(?7) 

since Yi is compatibly split. □ 

Thus, given a Frobenius split scheme X and a compatibly split subscheme D, we can intersect 
the components of D, decompose the intersection, intersect the new components, and so on to 
create a list of many compatibly split subvarieties of X. This process is the core of the Knutson- 
Lam-Speyer algorithm for finding compatibly split subvarieties of a Frobenius split scheme {X, (f>) 
(see Subsection |1.2.5[ ). The algorithm also makes use of the following proposition. 

Proposition 1.2.5. I\BK05\ similar to Exercise 1.2.E (4)] Let X be irreducible and Frobenius split by 

: F,Ox ^ Ox. 

1. Let Xnon-Ri denote the codimension-1 component of the singular locus of X, with its reduced 
subscheme structure. Then, Xnon-Ri is compatibly split. 

2. Let V : X ^ X be the normalization of X. There is an induced Frobenius splitting of X that 
compatibly splits iy^^{Xnon-Ri)- 

Proof. We follow the hint provided in the textbook. 

It suffices to show that the proposition holds for any affine open subscheme [/ C X. So, suppose 
that U = Spec A and that u : Spec B — >• Spec A is the normalization of Spec A. Let E C Spec A 
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denote the set over which v fails to be an isomorphism and let / C A be the conductor ideal, 

/ := {a G A I C A}. 
Then E = Spec(A//). Furthermore, / is compatibly split. Indeed, let a G I and b G B. Then 

^{a)b = cl){aV) G (t){A) C A. 

Since Xnon-Ri n [/ is a union of some of the components of E, Xnon-Ri n C/ is compatibly split. 
This proves 1. 

Nov^r (j) extends to a splitting of Frac(^) by setting 0(01/02) := ^2 " Thus, cj) extends to a 
splitting of B so long as each 0(6), 6 G is integral over ^4. 

To do this, we first show that 0(6)/ C /. So, suppose a G I and 6, 6' G i?. Then, 

(0(6)a)6' = 4>{Kah'Y) = ^{a^{h{h'Y)) G 0(A) = 0(A) C A 

since aP I and 6(6')^ G -B- Thus, 0(6)1 C /. Then for any n > 0, 0(6)"/ C / (by induction). It 
follows that 0(6) is integral over A. Indeed, if a G / then 0(6)a, 0(6)^a, . . . are all in /. Because A 
is Noetherian, there is some N such that 0(6)^+^a = ci0(6)a + • • • + CN(f>{b)'^a, Ci G A. Since A is a 

domain, 0(6)^+^ - (ci0(6) H h CAr0(6)^) = 0. Thus, 0(6) G B and extends to a splitting of 5. 

Finally, u^^{E) is compatibly split since / is also the ideal of v^^{E). As f^^iXnon-Ki n C/) is a 
union of some of the components of v~^{E), i^~^(Xnon-Ri n U) is compatibly split in Spec/?. □ 

We end this subsection with a proposition regarding open subschemes of a Frobenius split 
scheme. 

Proposition 1.2.6. I^K05\ Lemma 1.1.7] Suppose X is Frobenius split by : F^Ox — > Ox, and 
V X is an open subscheme. Then V has an induced Frobenius splitting. Furthermore, if Y is 
a compatibly split subvariety of X, then Z = Y DV is a compatibly split subvariety of V with the 
induced splitting. 

If Y is a reduced closed subscheme of X such that Y nV is dense in Y and compatibly split by (j)\v, 
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then Y is compatibly split by (/). 



Proof. That cf)\v : F^Oy — > Oy is a splitting is clear since cj) : F^Ox — > Ox is a morphism of sheaves. 
Furthermore, if y C X is compatibly split then so is Z = y n y since 0|y(F*Xy jy) ^ Xy |y. 

Next suppose that Z Q V is compatibly split by ^jy. Then Z = y n F for some subscheme 
y C X. Assume that Y is reduced and that Z is dense in Y. We now show that (f){F^lY) ^ ^y- 

To begin, notice thatXy C cj)[F^ZY) and thatXy/ = (I){F^Xy) for some subscheme y' C X. Then 
ypiF = y'nF since (j)\v compatibly splits Yr\V. Thus, Xy/ vanishes on yny. As y is reduced and 
y n y is dense it Y, it follows that Xy/ vanishes on Y. So, Xy = Xy/ and y is compatibly split. □ 

1.2.2 Splittings of affine space 

In this subsection, we compile some useful results concerning splittings of affine space. 

Remark. flBKOSl Remarks 1.1.4] When X = Speci? is an affine scheme, a Frobenius splitting of X 
is a map (j) : R —?- R satisfying the following three properties 



for any a,b ^ R. Indeed, (1) and (2) taken together is equivalent to the linearity of (f) (noting that 
the module structure on the first copy of R is given by a • 6 = a^b). If (2) holds, then (^(a^) = a0(l), 
for any a G R. Therefore (p splits the Frobenius endomorphism if and only if 0(1) = 1. 

Definition 1.2.7. IIBK051 Example 1.3.1] Let Tr : k[xi,...,Xn] k[xi,...,Xn] be the additive 
function defined on monomials as follows: 



Notice that Tr{g-), g G k[xi, . . . , x„] is a splitting of if Tr{g • 1) = 1. In fact, all splittings of 
affine space have the form 'Tr{g-) for some g e k[xi, . . . ,Xn]- 

Let / G k[xi, . . . , Xn]- The following theorem provides one sufficient condition for Tr(/P^^-) to 
be a splitting of A". We make use of this result later. 
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(1) 0(a + 6) = 0(a) + 0(6), (2) 0(0^6) 



a0(6), (3) 0(1) = 1, 



Tr(m) 




x„m) is a p*'* power 



Theorem 1.2.8. I\LMP98\I Let f G k[xi, . . . , x„] be a degree n polynomial such that, under some 
weighting of the variables, init{f) = Yii Xi. Then Tr{P^^-) is a Frobenius splitting of k[xi, . . . , Xn] 
that compatibly splits the hypersurface {/ = 0}. 

Remark. If / e k[xi, . . . ,x„] is a degree n polynomial such that, under some weighting of the 
variables, init(/) = Yli Xi, then the divisor {/ = 0} is said to have residual normal crossings (see 
[|LMP98in . 

We conclude this subsection by stating two theorems of Knutson concerning residual normal 
crossings divisors. Note that we make use of both theorems when discussing the compatibly split 
subvarieties of the affine open patch ?7(a-,j,™) ^ Hilb"(A^). 

Theorem 1.2.9. ^nu09b\ Theorem 2] Let f G k[xi, . . . , x„] be a degree n polynomial and suppose 
that there is a weighting of the variables such that nr=i ^ term of the initial form init{f). Then, 

1. Tr{fP^^) = Tr{init{fY~^), so Tr{fP^^-) defines a Frobenius splitting iff Tr{init{fY~^ ■) does. 

2. Assume hereafter that Tr{fP~^-) and Tr{init{f)'P~^ ■) define Frobenius splittings. If I is a compat- 
ibly split ideal with respect to the first splitting, then init{I) is compatibly split with respect to 
the second splitting. 

3. Let yf and yinit{f) denote the poset of (irreducible) varieties compatibly split by Tr{fP~^-) and 
Tr{{init{f)Y^^ ■), partially ordered by inclusion. Then the map 

T^fMit ■ yinitif) ~^ Y' Unique min. Y such that init{Y) 5 Y' 

is well-defined, order-preserving, and surjective. 

Theorem 1.2.10. l\Knu09b\l Let f G k[xi, . . . , x„] and suppose there is weighting of the variables such 
that init{f) = YYi=i^i- previous theorem, Tr{fP^^-) Frobenius splits A^. Let Yi and Y2 be 

compatibly split subvarieties (with respect to this splitting). Then, 

1. init{Yi n Y2) = {init Yi) n {init Y2), and 

2. ifYi^W and init Yi D init W, then W is not compatibly split. 
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Proof. 1. is llKnu09b[ Corollary 2]. 

To prove 2., we proceed by contradiction and suppose that W is compatibly split. Then so is 

W n Yi, and 

init(T^nyi) = (initVF)n(inityi) (by 1.) 

= init W (by assumption) 



Thus, W nYi = W (by Lemma 1.4.9) and so 1^ C Y^, a contradiction. □ 



1.2.3 Frobenius splittings and anticanonical sections 

Let X be a regular variety. In this subsection, we discuss the relationship between Frobenius 
splittings of X and sections of the {p — ly^ power of X's anticanonical sheaf. 

Theorem 1.2.11. I\BK05\ Section 1.3] Let X be a regular variety. 

1. The absolute Frobenius F : X —?- X is finite andflat. 

2. There is an isomorphism HomoxiF* Ox, Ox) — H^{X, F^{uj]^^)), where lox is X's canonical 
sheaf 

Thus, certain sections of (i^^^) determine Frobenius splittings of X. We call such sections 
splitting sections. (Note: As only some elements of Hom^^^ {F^^Ox, Ox) are splittings, only some 
sections of F*{u'^^) are splitting sections.) 

Theorem 1.2.12. I\BK05\ Theorem 1.3.8] Let Xbea nonsingular variety. Let e be the evaluation map 

e:'Homox{F,Ox,Ox)^Ox, 4>^H^)- 
Then, e can be identified with the map 



f:F,{u;]7P)^Ox, 



given at any closed point x G X by 



fifidh A • • • A dtn)-') = Tr{f), for all f G Ox,.- 
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Here ti, . . . ,tn is a system of local coordinates at x. Thus, an element a G H^{X, lo]^ ^) determines a 
splitting of X if and only if f{a) = 1. 

Definition 1.2.13. IIBK051 Exercise 1.3.E (2)] If G Homci^ (F* Ox , Ox) is splitting of a regular va- 



riety X, and (f) corresponds (via the isomorphism in Theorem 1.2.11 1 to cr^ ^, cr G H^{X^ F^iuj^)), 
then we call the splitting a (p — 1)^* power. 

Remarks. 1. The particular splitting of Hilb"(A|) that we are concerned with is a (p — 1)'^* power 

2. Warning: Just because a splitting of X is a (p — 1)** power, it does not necessarily imply that 
the induced splitting of a compatibly split subvariety is also a — 1)** power! See the remark 
at the end of Subsection 2.2.1 for more detail in the case of Hilb2(A2). 



Proposition 1.2.14. ^K05\ Proposition 1.3.11] Let X be a regular variety. If a £ H^{X,u}]^^) is 
such that a^^^ determines a splitting of X, then the subscheme of zeros of a is compatibly split. In 
particular, this scheme is reduced. 

We make use of the next lemma in Chapter 2. 

Lemma 1.2.15. Let X be a regular variety defined over a field k of characteristic p > andlet ai,a2 G 
H^{X, ujx^). If (i) both ofa^^^ and a^^^ are splitting sections of X, (ii) ai and 02 vanish in the same 
locations, and (Hi) there are no non-constant, non-vanishing functions on X, then a^^^ = cj2^. 



Proof. By Proposition 1.2.14 the subschemes of zeros of ai and of cj2 are reduced. Therefore, since 
(Ti and (72 vanish in the same location and there are no non-constant, non-vanishing functions on 
X, we get that cti = co-2 for some nonzero c e k. Thus, a^"^ = c^'^^crf^^, and we see that both 
crf"^ and c^^^cTg^ are splitting sections. This can only occur if c^^^ = 1. Therefore, a^^^ = a^^^ 
as desired. □ 

Many of the above ideas can be extended to normal varieties. 

Definition 1.2.16. Let X be a normal variety with regular locus Xreg. 

1. [1BK05[ Remark 1.3.12] Let i : Xreg X he the inclusion of the regular locus. Define 
ujx ■= i*^^Xreg- This is the canonical sheaf of X. 
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2. A divisor D C X is called anticanonical if D n Xreg is anticanonical in Xreg. 

Theorem 1.2.17. I\KM09]I (Kumar-Mehta Lemma) Let X be an irreducible normal variety which is 
Frobenius split by a G H^iX, F^{uj]^^)). IfYis compatibly split then Y is contained in the singular 
locus of X, orYC V{a), where V{a) denotes the subscheme of zeros of a. 

Using the ideas presented so far, we can find all compatibly split subvarieties of with the 
standard splitting, Tr((xi • • • Xn)^"^ ). 

Example 1.2.18. The anticanonical section {xiX2 ■ ■ ■ Xn)-^ A ^ A • • • A ^ determines the stan- 
dard Frobenius splitting of A^. By intersecting the components of the divisor {xiX2 • • • x„ = 0}, 
decomposing the intersections, intersecting the new components, etc., we obtain the collection of 
coordinate subspaces. This is precisely the set of compatibly split subvarieties of A^'. (Proof: We 
proceed by induction on n. By Theorem 1 .2.17 all compatibly split subvarieties of A^ are contained 



inside of some {xi = 0}. Therefore, it suffices to show that the compatibly split subvarieties of each 
{xi = 0} (with the induced splitting) are the coordinate subspaces. As the induced splitting of each 
{xi = 0} = Spec(A;[xi, . . . , Xj+i, . . . , rc„]) is the standard splitting, we may apply induction to 
get the desired result.) 

Using this example, we get the following corollary of |]Knu09b[ Theorem 2]. 

Corollary 1.2.19. l\Knu09b]l Let f G k[xi, . . . , x„] be a degree n polynomial and suppose that there is 
a weighting of the variables such that init{f) = YYi=i Xi- Then Tr{fP^^-) defines a Frobenius splitting, 
and if I is compatibly split with respect to this splitting, then init{I) is a squarefree monomial ideal. 



1.2.4 Split morphisms and a result of David E Speyer 

Definition 1.2.20. Let X and Y be Frobenius split by cpx and cpy respectively. Let f : X ^ Yhe a 
morphism of schemes. Then / is a split morphism if o (py = (px ° f"^- In this case, we say that 
the splittings on X and Y are compatible. 

Proposition 1.2.21. Let f : X ^ Y be a surjective morphism of integral schemes and suppose that X 
is Frobenius split by 4>x- 
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1. There is at most one splitting of Y making f a split morphism. 

2. Suppose (f)Y is a Frobenius splitting of Y that makes f a split morphism. If Z is a compatibly 
split subscheme of X then the scheme-theoretic image f{Z) is a compatibly split subscheme ofY, 
and f\z-Z-^ f{Z) is a split morphism. 

3. Suppose Y and W are Frobenius split by 4>y cmd If f '■ X ^ Y and g : Y ^ W are split 
morphisms, then so is their composition go f. 

Proof. We begin by remarking that /# : Oy — > f*Ox is injective because each of X and Y are 
integral, and / is surjective. 

1. Suppose that and (j)2 are two sphttings of Y which make / a split morphism. Then, (f)x o 
f* = f*° (pi and 0x o /* = /* o 4'2- Therefore, /* o (^i — (f)2) = and since /* is injective, 

2. We consider the case X = Spec 5 and Y = SpecR. Let Z = Spec 5// be a compatibly split 
subvariety of X and let tt : S ^ S/I be the quotient map. To show that f{Z) is a compatibly 
split subvariety of Y, we show that ker(7r o /#) is a compatibly split ideal of R. Equivalently, 
we show that (tt o /#)((/»y(ker(7r o /#))) = G S/I. Now, 

(tt o o ^y)(ker(7r o /#)) = (vr o o /*)(ker(7r o /#)) C 7r(0x(ker(7r))) C 7r(ker(7r)) = 

where the equality holds because / is a split morphism, and the second inclusion holds be- 
cause ker(7r) = / is a compatibly split ideal of S. Thus, ker(7r o /#) is a compatibly split ideal 
of ii:. 

That f\z ■ Z f{Z) is a split morphism then follows immediately. 

3. {g ° f)* ° (pw = f* ° g* ° (l>w = f* ° 4>Y ° 9* = (px ° f* o g*- 

□ 

Sometimes it's easier to prove that a morphism is split by working on an open subscheme. 
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Lemma 1.2.22. Let f : X ^ Y be a surjective morphism of (irreducible) Frobenius split varieties. Let 
U X and V Y be open subschemes such that f restricts to a surjective morphism f\u:U^V. 
Suppose further that [/ C X and V Y are given the induced Frobenius splittings. Then f is a split 
morphism if and only if f\u is a split morphism. 

Proof. The forward direction is clear. So, assume that f\u:U^Visa surjective, spHt morphism. 
Suppose 1^ C y is an open set. If s G Oy{W), we must show that (/# o (/)y)(s) = (0x o /#)(s). 
We have 

{{f\u)* ° 4>v){s\vnw) = if* o Mislvnw) = [if* ° (t>Y){s)]\unf-^iW) 

and 

{(l^u ° {f\u)*){s\vnw) = {4>x o f*){s\vnw) = [{4>x o f*){s)]\unf-Hw)- 
Because f\u:U^Vis split, {cpu ° {f\u)*){s\vnw) = {(flu)* ° (pv){s\vnw)- Therefore, 

[(/* ° <l>Y)is)]\f-i(^w)nu = [i<Px o /*)(s)]| f-^w)nu- 

As f-'^{W)nU is open and dense in /"^(I^), it follows that (/*o(/)y)(s) = {(j)x° f*)(.s). Therefore 
/ : X — ^ y is a split morphism. □ 

We now provide some examples of split morphisms. 

Example 1.2.23. [IBK051 Examples 1.1.10] 

1. Let X be a non-singular affine variety and let G be a finite group which acts on X. Let 
TT : X ^ X/G denote the quotient map. If X is Frobenius split and p does not divide 
then there is a unique induced splitting of X/G making tt a split map. 

2. Suppose that / : X — )• y is a finite surjective map of varieties, that Y is normal, and that X 
is split by (p. If p does not divide deg(/), then there is a unique splitting 0y of Y making / a 
split map. 

Lemma 1.2.24. Let X and Y be non-singular varieties. Suppose that f : X ^Y is surjective and etale 
(so we can identify anticanonical sheaves), and that all maps on residue fields K{y) — ;> k{x) (where 
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y G y and x ^ X is one ofy's preimages) are isomorphisms. Suppose that ay G H'^iY, F^:{ujy ^)) is a 
splitting section of Y. Then, 

1. f*{(TY) is a splitting section of X. 

2. If X is Frobenius split by the splitting section f*{aY), then f : X —t-Y is a split morphism. 

Proof. 1. Let y gY and let x G X be any of y's preimages. Then the induced map on completed 
local rings OY,y Ox,x is an isomorphism. Identify Oy^y with k[[si, . . . , s„]] and Ox,x with 
A;[[ti, . . . , t„]] such that the induced map on completed local rings sends Sj to tj. Suppose 
that g{si, . . . , Sn) G k[[si, ■ ■ ■ , is the local expansion of ay at y. Then, g{ti, . ■ ■ ,tn) G 
k[[ti, . . . , tn]] is the local expansion of f*{(Jy) at x. Because ax is a splitting section of Y, we 
can apply HBKOSi Theorem 1.8] (see Theorem |1.2.12 ) to see that Tr{g{si, . . . , = 1. Then, 



Tr{g{ti, ... ,tn)) is also 1 and f*{ay) is a splitting section of X. 

2. This follows by identifying Oy^y with k[[si, . . . , and Ox,x with k[[ti, . . . , tn]] as done in the 
proof of item 1. 

□ 

Example 1.2.25. fIBKOSI see Exercise 1.3 (8)] Let X and Y be Frobenius split with splittings (px 
and 0y respectively. Then, the tensor product 

(p : F^OxxY OxxY, /l «> /2 ^ (Pxifi) ® (Ay(/2) 

is a splitting of X x y. If X and Y are non-singular and (px (respectively (/)y) corresponds to 
the section ax G ^"(-^i^x^) (respectively ay G H^lYjUj^^)), then (p corresponds to Kl cry G 

H^{XxY,u:],~^\). 

The projection morphisms tti : X x Y ^ X and tt2 : X x Y ^ Y are split morphisms. 

Remark. [1BK05[ see Exercise 1.3 (8)] Let all schemes and Frobenius splittings be as in the above 
example. It is useful to note that if Zi is a compatibly split subscheme of X and Z2 is a compatibly 
split subscheme of Y, then Zi x Z2 is compatibly split in X x y. 

18 



Example 1.2.26. Let 5 be a graded ring and let X = Proj(S') be Frobenius split hy (j) : F^Ox ^ Ox- 
Define Xgff := Spec Ox (-'^)- Because Ox is a split sheaf, Ox{X) is a split ring. Furthermore, the 
structure map vr : X — > Xgff is a split map. To see this, consider any | G Ox^ff{U) for a, 6 G Ox{X). 
Then, if ^x^jf denotes the induced splitting of X^ff, we have: 



The last equality follows because cj) agrees with 4>x^if on Ox{X). 

The remainder of this subsection concerns an unpublished theorem of David E Speyen He 
graciously allowed his theorem and proof to be included in this thesis. Both the theorem and proof 
were communicated to Allen Knutson via email, and most of what appears below is taken directly 
from the emailed document. (However, this document contains slightly different proofs of Speyer's 



first two lemmas (Lemma 1.2.28 and Lemma 1.2.29), Lemma 1.2.31 did not appear as a separate 



lemma in the emailed document, and there is a little bit of additional explanation at the end of 



Proposition 1.2.30 ) 



Theorem 1.2.27. (Speyer) Let f : Y —?- X be a finite map of varieties over SpecZ. Then there is an 
integer N such that, for any p > N, any choice of compatible Frobenius splittings on X/p and Y/p, 
and any compatibly split subvariety V of X/p, the reduction of f^^iV) is compatibly split. 

This theorem applies, in particular, when Y is the integral closure of X. 
We begin with some lemmas about field extensions in characteristic p. 

Lemma 1.2.28. Let L/K be a finite dimensional extension of characteristic p > fields. Then 

Proof. If L/K is not separable, then both sides are zero, so assume that L/K is separable. Let 
X G L/K and consider the intermediate extension K{x)/K. Then, the minimal polynomial of x 
in K{x)/K agrees with the characteristic polynomial of multiplication by x. (Indeed, suppose that 
1, X, . . . , x*^ is a basis of K{x)/K. Then, the minimal polynomial of x is A'^+^ — ciA"^ — C2A'^~^ — 

• CrfA — Cd+i for some ci , . . . , Cd+i G K, and multiplication by x is given by the (d+l) x (d+l)- 

matrix that has Is along the subdiagonal, [ci , . . . , Cd+iY as the last column, and Os elsewhere. 
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The characteristic polynomial of this matrix is A*^"*"^ — ciA'^ — C2A'^~^ _ . . . _ c^x _ ca+i-) This 
polynomial has all distinct roots by the separability assumption and so multiplication by x has 
all distinct eigenvalues. Writing the matrix of multiplication by x in an eigenbasis, we see that 

T^k{x)/k{x'') = TiCK{x)/K{xy- Then, 

TTL/K{xn = TV^(.)/i^ oTY^/,^(,)(xP) = Tr^(,)/^([L : K{x)]xP) = [L : K(x)] Tr^(,)/;^(a;f ) 



and 



TvL/KixT = T^K{x)/k{[L : K{x)]xr = [L : Tr^(,)/^(xf = [L : K(x)] Tr^(,)/^(xP). 



□ 



The next lemma is crucial. 

Lemma 1.2.29. Let L/K be a finite dimensional extension of characteristic p fields and let cp be a 
splitting of L which restricts to a splitting of K. Then Tr^^/A' o0 = o Tr^^/j^. 

Proof. If L/K is not separable, then both sides are zero, so assume that L/K is separable. Suppose 
that £i, . . . ,£d is a basis for L over K. Then, . . . is too. Any x e L/K can be written as 

Yli=i '^i^^i' some Cj G K. Then, 



i=l i=l 

where the second equality holds because cj) preserves K by assumption. On the other hand, 

d d d 



i=l 1=1 i=l 



where the second equality follows by Lemma 1.2.28 □ 



We now prove the central case of Theorem 1.2.27 
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Proposition 1.2.30. Let f : Y ^ X be a finite surjective map of varieties of characteristic p, with X 
and Y both normal. Suppose that p is greater than deg /. Then, for any compatible splittings on X/p 
and Y/p, and V any compatibly split subvariety of X/p, the reduction of f^^{V) is also split. 

We note that the scheme f^^{V) may not be reduced and, therefore, it is not necessarily true 
that f~^{V) is spHt when equipped with the inverse image scheme structure. An example is to take 
p an odd prime. Spec A; [t] — ^ Spec A;[t^] with (p induced by t^^^ /dt'P^^ , and V to be the origin. 

Proof. We may pass to the neighborhood of a generic point of V. Let A be the completion of the 
local ring of X at V, with / the maximal ideal of A. Let B be the completion of the local ring of Y 
at one of the primes above the generic point of V, and J the maximal ideal oi B. So we know that 
/ is compatibly split, and we must show that J is. 

Since X and Y are normal, we know that A and B are integral domains. Let their fraction fields 
be K and L. The degree of L/K is bounded by the degree of the map /. 

Suppose for the sake of contradiction that (f){J) ^ J. Since B is local, 1 G 0(J); say (f){x) = 1. 
Then, by Lemma 1.2.29 (/>(Tr/,/^(x)) = Tti/x{1) = [L : K]. By the hypothesis on p, this is a 



nonzero scalar 

We now claim that Tr /j^ {x) G /. To prove this, let E be the Galois closure oi L/K. Then, 

T^^^e/k{x) = Tr ° T^e/l{x) = [E : L] Tt:l/k{x). 

Gal{E/K) acts on the primes lying over / in the integral closure of A in E. So, Tice/k{x) G E By 
the above computation, Ttl/k{x) S I as well. 

This violates the hypothesis that / is compatibly split. □ 



We consider one more lemma (Lemma 1.2.31 ) before including the remainder of Speyer's proof 



of Theorem [1.2.27 We thank user QiL on math.stackexchange.com for providing a proof of this 



lemma. (See http://math.stackexchange.com/questions/163929/.) 



Lemma 1.2.31. Let X be a variety over SpecZ and let u 
sufficiently large, X/p is the normalization of X/p. 
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X ^ X be its normalization. For p 



Proof. Let s G SpecZ and let Xs (respectively Xs) denote the fiber oi X ^ SpecZ (respectively 
X — ;> Spec Z) over the point s. We will show that there is some open set S C Spec Z such that for 
every s e S, (i) Xg is birational, and (ii) Xg is normal. 

To show that (i) holds, we apply llGro67[ IV. 13. 1.1]. Let Z C X be the closed subscheme over 
which u : X ^ X fails to be an isomorphism. Then, dim(Zs) = dim(ZQ) < dim(XQ) for all but at 
most finitely many s e SpecZ. Each irreducible component of Xg has dimension at least dim(XQ). 
Thus, Zg is nowhere dense in Xg and so Xg — > Xg is birational. 

To show that (ii) holds, let f : X —?- Spec Z denote the structure morphism and apply llGro67[ 
IV.12.1.6 (iv)]. This says that the set 

U := {x e X \ ^/(x) is geometrically normal} 

is open. Then, f{U) is a constructible set of SpecZ. Because Xq is geometrically normal, and 
[/ C X is open, f{U) must be an open subset of SpecZ. □ 



We now prove Theorem 1.2.27 We proceed by induction on dimX. 



Proof of Theorem 1 .2.27 We can immediately pass to components, and thus reduce to the case that 
X and Y are integral. Also, if / is not surjective, then we can factor / as y — ;> f{Y) X. Any 
compatible splittings of X and Y will induce a splitting of f{Y) and split map Y —?- f{Y), whose 
image has smaller dimension. We therefore obtain the result by induction. 

Thus, we are reduced to the case where X and Y are integral, and / is surjective. Let X and 



Y denote the normalizations of X and Y. For p sufficiently large. Lemma 1.2.31 implies that X/p 
is the normalization of X/p and that Y/p is the normalization of Y/p. Any compatible splitting on 
X/p and Y/p will give splittings of the normalizations of X/p and Y/p, and all of these splittings 
will be compatible. Write / for the map Y —?- X, and write m and n for the maps X —?- X and 

Y ^Y. 

Let Spec A be an affine chart on X, and let A be the normalization of A. Consider the conductor 
ideal D = {d e A \ dA (1 A} and recall that for any Frobenius splitting of A/p, D/p is compatibly 



split (see the proof of Proposition 1.2.5 ) . 
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The construction of D sheafifies; let A and A be the corresponding subvarieties of X and X. 
Then X\ A — )- X\/S. is an isomorphism, and A — ;> A is a finite map. By induction, there is an N' such 
that for p > N', spHt subvarieties of A/p Hft to split subvarieties of A/p. Let N = max(deg /, N'). 

Take p > N, a compatible splitting (f>, and a split subvariety V of X/p. If the generic point of V 
is not in A, then m^^{V) is split because m is an isomorphism away from A. If the generic point is 
in A, then m^^{V) is split because p > N'. So, either way, m~^{V) is split. 



By Proposition 1.2.30 / ^(m ^(F)) is split. The image of a split variety is split, so 

nif-\m-\V))) = f-\V) 



is split. This is the desired result. □ 

1.2.5 The Knutson-Lam-Speyer algorithm for finding compatibly split subvarieties 

In this subsection we discuss an unpublished algorithm due to Allen Knutson, Thomas Lam, and 
David Speyer which, in certain cases, finds all compatibly split subvarieties of X. Note that many 
of the ideas appearing below are very similar to those found in HKLSlOi Section 5] . 

Algorithm. (Knutson-Lam-Speyer) 

Let X be a normal variety that is Frobenius split by a^~^, cr G H^{X, F^{uj'^)). Let D = V{a) be 
the vanishing set of the anticanonical section a. 

The input of the algorithm is the pair {X, D). The output of the algorithm is a list L of compatibly 
split subvarieties of X. The steps of the algorithm are as follows. We start with an empty list L' . 
Step 1: Add X to the list L'. 

Step 2: Let S be the closure (in X) of the singular locus of X\D. Add all compatibly split subvarieties 
ofSto L'. 

Step 3: If D is empty, terminate the algorithm for the pair {X, D). If D is non-empty, decompose D 
into its irreducible components, D = DiU- ■ -UDr- For each i e 1, . . . ,r, let Ei = DiU- ■ -UDiU- ■ -UDr- 
Replace {X, D) by the collection of new pairs {(A, A n £"4) | 1 < i < r}. 

Step 4: Replace each {Di,Di D Ei), 1 < i < r, with the pair Pi using the following procedure: 
If Di is normal, then Pi := {Di,Di n Ei). If Di is not normal, then Pi := {Di,v^^{Di n Ei) U 
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i'~^{{Di)non-Ri)) where u : Di ^ Di is the normalization of Di and {Di)non-Ri is the (possibly empty) 
union of codimension-1 components of the singular locus of Di. For each Pi, I < i < r, return to step 
1 and rename Pi by {X, D) to match the notation used above. 

At the very end, map all varieties in the list L' forward to X by the composition of the relevant 
finite morphisms (i.e. the composition of restricted normalization morphisms). The elements of the list 
L are the images, under these maps, of the elements of the list L'. 

Lemma 1.2.32. Let X be a variety defined over SpecZ. Suppose X/p is normal and Frobenius split 
by fjP^^ a G H^{X/p, F*(a;j^Jp)). Let D = V{a) be the vanishing set of the anticanonical section a. 

Run the algorithm starting with the pair {X/p, D) to obtain a list L of subvarieties of X/p. There 
exists an integer N > such that, for all p > N, every subvariety appearing in the list L is compatibly 
split. 

Proof. To begin, for every pair {Y, Dy) appearing after some number of iterations of steps 1, 3, 
and 4, we show that (i) Dy is compatibly split in Y, and (ii) there is a finite split morphism 
f -.Y ^ f{Y) such that f{Y) is a compatibly split subvariety of X/p. 

We proceed by induction on the number of iterations of steps 1, 3, and 4. When n = 0, the 
result is automatic. So suppose that {Y, Dy) is a pair that shows up after n iterations of steps 1, 3, 
and 4. By induction, Dy is a compatibly split subvariety of Y and there is a finite split morphism 
f -.Y —?- f{Y) such that f{Y) is a compatibly split subvariety of X/p. Let Dy = DiU- ■ -UDr where 
each Di is irreducible, and let Ei = DiU- ■ -U Au- • • A , 1 < « < r. If A is normal, then {Di, DiCiEi) 
appears after n+1 iterations of steps 1, 3, and 4, DiDEi is compatibly split in Di, and f\oi is a finite 



split morphism such that fin- {Di) is a compatibly split subvariety of X/p (by Proposition |1.2.21 ). If 
Di is not normal, then {Di, u^^{Dir]Ei)Uu^^{{Di)non-Ri)) (where u : Di ^ Di is the normalization 



map) appears after n+1 iterations of steps 1, 3, and 4. By Theorem 1.2.27 there is an N' such that, 
for all p > N' , v^^{Di n U i^^^((A)non-Ri) is compatibly split in Di. Furthermore, /|/). o is a 
finite split morphism such that (/Id^ ° ^){Di) is a compatibly split subvariety of X (by Propositions 
rZ5] and [rZ2T] ). 



Any subvariety in the list L which is not found using only steps 1, 3, and 4 of the algorithm 
must be of the form f{Z) where f -.Y ^ /(^) is a finite split morphism, f{Y) is a compatibly split 
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subvariety of X/p, and Z is a compatibly split subvariety contained in the singular locus of Y. It 



follows by Proposition 1.2.21 that f{Z) is compatibly split. □ 



Remark. Step 2 of the algorithm is difficult to perform in general. Luckily, in the setting that we 
care about in this thesis, steps 1, 3, and 4 are enough to find all compatibly split subvarieties (at 
least in small examples) . However, as the next example illustrates, step 2 is necessary. 

Example 1.2.33. Let p = 1 (mod 3) and consider the splitting of A'^ given by Tr{fP~^-), f = 
2-3 _|_ y3 _|_ jj^ ^Yiis case, {X, D) = (A|, {x^ + y'^ + = 0}). Without checking for compatibly split 
subvarieties of the singular locus of D, we would miss finding the origin which is compatibly split. 

We now show that, in certain cases, the algorithm is guaranteed to find all compatibly split 
subvarieties of a normal Frobenius split variety X. In order to prove this, we make use of the 
following lemmas. 

Lemma 1.2.34. I\BK05\ Lemma 1.1.7 (Hi)] If X is a normal variety and U is an open subset with 
complement of codimension at least 2, then X has a Frobenius splitting if and only if U does. In fact, 
any splitting of U is the restriction of a unique splitting of X. In particular, X has a splitting if and 
only if its regular locus does. 

Lemma 1.2.35. (similar to l[BK05\ Exercise 1.3.E (4*)]) Let X be a non-singular Frobenius split 
variety and let Di be a non-singular, compatibly split prime divisor Suppose that the splitting of X 
is given by a^^^f^^^ where V{ai) = Di and aif G H'^{X,uj^). Then the induced splitting of Di is 
given by r^^^ where r is the residue of f in = {ujxiDi) (^Ox C'dJ^^- 

Proof. Let x be any closed point of Di. We show that the statement holds in the completion of the 
local ring Ox,x- 

Let ti, ...,tn be local parameters so that the completion of Ox,x is identified with the power 
series ring k[[ti, ...,tn]]- We can choose these parameters such that ti vanishes along Di. Then, af 
can be expanded locally as tih{dti A • • • A dtn)^^ where the power series h G k[[ti^ . . . , is not 
divisible by ti. Therefore, the splitting of k[[ti, . . . , i„]] is given by Tr(t^^^/iP^^-). 

The induced splitting of the quotient k[[ti, . . . , tn]]/{ti) is Tr{hP^^-), where h := h{0, t2, ■ . . , tn)- 
As h{dt2 A • • • A dtn)~^ is the local expansion r in the power series ring k[[t2, . . . , tn]] = Odi,x, we 
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obtain the desired result. □ 

Lemma 1.2.36. Let X be a normal variety that is Frobenius split by a^^^ where a G //'^(X, w^^). 
Let D = V{a) and suppose that D = Di + ■ ■ ■ + D,- = Di + E where the support of each Di is 
irreducible and non-empty. Let sing{X) denote the singular locus of X and suppose that sing{X) n Di 
has codimension > 2 in Di. 

1. If Di is normal, then the induced splitting of Di is given by tP~^, where r G H'^{Di,tjj]j^^) and 
V{t) = DiDE. Furthermore, all compatibly split subvarieties of Di are contained in DiDE or 
in sing{Di). 

2. Suppose Di is not normal. Let {Di)non-Ri denote the codimension-1 component of sing {Di). If 
u : Di ^ Di is the normalization of Di, then, for large p, the splitting of Di is given by t^^^ 
where V{t) = u^^{Di D E)U i'^^{{Di)non-Ri)- Furthermore, all compatibly split subvarieties of 
Di are contained in v~^{Di n i?) U {{Di)non-Ri) or sing (Di). 

Proof 1. Let X' = Xreg\smg{Di), D[ = (Di)regnX', and E' = EnX'. Then, X' and D[ are non- 
singular. By Lemma 1.2.35[ the induced splitting of D[ is given by an anticanonical section 



t' g H^{D[,ujjy}) such that V{t') = D[nE'. Because (i:>i)reg n sing(X) has codimension > 2 
in (-Di)reg and Di is normal, t' extends uniquely to an anticanonical section r G H^{Di,uj]j^J 
such that tP^^ determines a splitting of Di and V{t) = DiDE. By the Kumar-Mehta Lemma 



(see Theorem |1.2.17[ ), all compatibly split subvarieties of Di are contained inside of DiD E 
or sing(£)i). 

2. Now suppose that Di is not normal and let u : Di —?- Di he the normalization of Di. 



By Proposition 1.2.5 Di has a Frobenius splitting induced from Di that compatibly splits 



u ^((-Di)non-Ri)- By Speyer's theorem, u ^{Di n E) is also compatibly split for large primes p. 
ated divisor. Then, 



Let T G {{Di)j:eg, F*(a; )) determine the splitting of {Di)reg- Let Dr denote the associ- 



Dr = ip- l)iy-'{Di nE) + {p- l)l/-^((Z)l)non-Rl) + F 



for some effective divisor F. 
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By the same argument as the one given to prove 1., the splitting of (-Di)reg is a (p — 1)^' power 
and (Di)reg nE is the corresponding compatibly split anticanonical divisor in (I?i)reg- As u is 
an isomorphism over the open set (-Di)regj we see that t|^-i((j5^)^^^) is a (p — 1)^* power, and 
that 

^r|.-l((Di).g) = iP- ^)W~HDi n E)l-i(^^D^)^J. 

As F is effective and z^^^((-Di)non-Ri) is compatibly split, F must be empty. Thus, 

Dr = {p- l)iy-\Di r\E) + {p- l)j^-^((i?l)non-Rl). 



By the Kumar-Mehta Lemma, all compatibly split subvarieties of Di are contained in u ^ {Di n 

E) U i^-HiDi)non-Ri) or sing(Di). 

□ 

Proposition 1.2.37. Suppose X is normal and Frobenius split by a^~^ where a G H^{X,u}]^^) and 
D = V{a). Suppose that D = Di + - ■ ■ + Dr where the support of each Di is irreducible and non-empty. 
Let 

P = {{X' , D') I {X\ D') appears at some stage of the algorithm and X' is normal}. 

If for all (X', D') e P, sing{X') n D' has codimension > 2in each component of D', then, for large p, 
the Knutson-Lam-Speyer algorithm with input {X, D) finds all compatibly split subvarieties of X. 

Proof We follow the ideas found in [IKLSlOi Theorem 5.3] . 

Suppose all of the necessary conditions hold, yet there exists some compatibly split Y <Z X 
that is not found by the algorithm. Then there exists Z found by the algorithm with Y C Z and 
codimy Z minimized. Z could have been found by the algorithm in one of two ways. 

The first possiblity is that there exists some Z and some finite surjective morphism f : Z ^ Z 
such that {Z, D^) is a pair arising from step 4. of the algorithm. Note that we may assume that Z 



is normal. By repeatedly applying Lemma 1.2.36 we see that is anticanonical in Z. By Speyer's 
theorem, f^^{Y) is compatibly split in Z for large primes p. 



If / ^(y) C sing(Z) \ {D^ n sing(Z)) then the algorithm finds Y, a contradiction. So suppose 
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otherwise. By Lemma 1.2.36 f~^{Y) C D^- Thus, Y C f{Di) for some component Di of D^- 
This contradicts the minimality assumption. 

Next suppose that there is no such Z such that / : Z — ;> Z is a finite surjective map and {Z, Dz) 
is a pair appearing at some stage of the algorithm. Then, there must exist some Z' found by the 
algorithm with Z Z' such that (i) there exists a finite map f : Z' ^ Z', (ii) {Z',D') is a pair in 
appearing at some stage of the algorithm, and (iii) f^^{Z) is a compatibly split subvariety contained 



inside of sing(Z') \ D'. In this case, / ^(Y) is also a subvariety contained in sing(Z') \ D'. This 
contradicts the fact that Y was not found by the algorithm. □ 

Remark. Katzman and Schwede also have an algorithm for finding all compatibly split subvarieties 
of a Frobenius split scheme X (see IIKSllll "). 

1.2.6 Multigraded/torus-invariant splittings 

Our reference for this subsection is llKnu09a|| . 

Definition 1.2.38. Let R be multigraded by a lattice A of rank r. (I.e. R = 0^ Rx.) Identify A 
with Z''' and A with (Ai, . . . , A^), Aj G Z. Suppose R is Frobenius split by 0. We call cp a multigraded 
splitting if (j){R\) ^ Rx/p, which is unless p\Xi for each 1 < i < r. 

Example 1.2.39. Suppose that k[xi, . . . , x„] comes with a multigrading (weighting) and that, with 
respect to that multigrading, / € k[xi, . . . ,x„] is homogeneous. If Tr(/P^^-) is a splitting, then 
Tr(/P^^-) is a multigraded splitting. (Proof: Because Tr(/P~^-) is a splitting, there is a term of f^^^ 
of the form • • ■ Xn~^ (else Tr(/P^^l) / 1). Because / is homogeneous, so is Thus, every 

term of /^^^ has the same weight as • • • Xn~^- Letting A = (Ai, . . . , Ar) denote the weight of 
xi - ■ ■ Xn, we see that every term of /^^^ has weight {p — 1)A. 

Now suppose that m is a monomial such that Tr(/*'^^m) ^ 0. Then for at least one monomial 
m' in /^^^, xi • • • XniTi'm is a p*'^ power. Let n denote the weight of m. Notice that xi • • • Xnm' has 
weight pA. Thus, 

Remark. Since a torus action on R induces a multigrading and vice versa, the above definition 
could have alternatively been formulated in terms of a torus action. Thus, a multigraded splitting 
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is also called a torus-invariant splitting. In the above example, we see that a {p — 1)'^* power 
splitting of affine space is torus-invariant whenever the compatibly split anticanonical divisor is 
torus-invariant. 

Proposition 1.2.40. l[Knu09a\ See proof of Corollary 2] Suppose a torus T acts on X and suppose 
that X is Frobenius split by the T-invariant splitting (p. Then, all compatibly split subvarieties of X 
are stable under the action of T. 

Remark. This result also follows from the Knutson-Lam-Speyer algorithm in the setting where steps 
1, 3, and 4, are enough to find all compatibly split subvarieties. 

1.2.7 A -invariant Frobenius splitting of Hilb"(A^) 

The material in this subsection comes from [IKTOlll and [IBK051 Section 1.3 and Chapter 7]. 
Definition 1.2.41. 1. A normal variety Y is Gorenstein if its canonical sheaf is invertible. 

2. Given a Gorenstein variety Y and a normal variety X, a proper, birational morphism / : X — )• 
Y is called crepant if f*ujY = i^x- 

Lemma 1.2.42. I[BK05\ Lemma 1.3.13] Let f : X ^ Y be a crepant morphism. IfYis Frobenius 
split then so is X. 

Theorem 1.2.43. /KTOJI Special case of Theorem 1] Let k be an algebraically closed field of char- 
acteristic p > 2. Let S'"(A|)* denote the open locus of the Chow variety with at least n — 1 distinct 
points. Let HiZb"(A^)* denote the preimage of S'"(A|)=|, under the Hilbert-Chow morphism Then, 
^ : Hilb'^{Al)^ S'"(A^)* is a crepant resolution. 

Kumar and Thomsen also prove the following: 

Theorem 1.2.44. I\KT01\ Corollary 1] Let p > n. Then S'^ikl) is Gorenstein and ^ : Hi7b"(A^) 
5"(A|.) is a crepant resolution. 

can be used to prove that Hilb"(A^) is Frobenius split. 



Theorem 



1.2.43 



Theorem 1.2.45. I\KT01\ Special case of Theorem 2] Let k be an algebraically closed field of charac- 
teristic p > 2. The standard splitting of Al induces a Frobenius splitting ofHilb'^{Al). 
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We sketch the proof found in HKTOli Section 5]. 

Proof. Consider with the standard splitting <p = Tr{{xy)'P~^-). There is then a natural choice 
of splitting on (A^)" given by c/)^" = Tr((xiyi • • ■ XnUn)-^^^-)- Notice that 0^" takes 5„-invariant 
functions to 5n-invariant functions. Thus, induces a Frobenius splitting of ^"(Al). 

Let V C S"'{AI) denote the open set where none of the n points collide. Because ^"(A^) is 
Frobenius split, and V is open, V has an induced splitting. Let a' be the associated splitting section 
of Wy"^. Since V is codimension-2 in 5"(A^)* and 5"(A|)* is normal, a' can be extended to a 
section a of a;^~^^2^ . Let ^ denote the Hilbert-Chow morphism. Because ^' is crepant, 4'*(c7) = a 
is a section of ^l^i^n^j^2-^ ■ Since the Hilbert scheme is smooth and Hilb"(A|)* has codimension-2 
in Hilb"(A|), a can be extended to a section of '^^^^"(a^)' '^^^^ ^ splitting section because its 
restriction to "^~^{V) = y is cr' and a' is a splitting section. □ 
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1.3 Moment polyhedra 



1.3.1 Definitions and a few results 



Our main references for this subsection are llBri87ll , [lBri99ll , HKnuOOH , and | Sja07 1 . 

We use the following notation throughout this subsection: Let A; be a field, let i? be a fc-algebra, 
and let Gm be the multiplicative group Speck[x,x^^]. Suppose that R is an N-graded Noetherian 
domain and that T := acts algebraically on R with weights Ai, . . . , G A := Hom(T, Gm)- 
Recall that A = Z*". Since R is bigraded by weight and degree, we may write 



R= Rx,s. 

(A,s)gAxN 

Definition 1.3.1. The moment polyhedron P{R) of R is defined to be the following subset of 

A 07, O: 



P{R) := I ^ A G A, s G N, and R^x,s) + o| . 



Theorem 1.3.2. The moment polyhedron P{R) is a convex polyhedron. If Proj{R) (with the N- 
grading) is projective over k, then P is a convex polytope. 

Example 1.3.3. Let R = k[x,wo,wi] where x has degree and both wq and wi have degree 
1. Then Proj(i?) = x P^. Let act on R with weights (1,0), (0,0), and (0,1). Suppose 



that 



a /3 7 
X WqWI 



G R{x,s)- This element has T^-weight A = (0,7) and N-weight s = /3 + 7. Thus, 



( ]^ ) ) • Notice that can be any non-negative rational number and that G [0, 1] n 



/9+7 



/3+7 



Thus, P{R) is the following polyhedron: 



(0,1) 



(0,0) 




Remarks. 1. The sources mentioned at the beginning of this subsection work over C. However, 
this assumption is not necessary to define P{R); we need only require that A, the weight 
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lattice of T, is isomorphic to 1/ (where r is the rank of the torus) . Taking T = satisfies 
this requirement, even when working over a field of characteristic p > 0. 

2. We don't really discuss moment maps in this thesis. However, it is worthwhile to note that 
when it makes sense to define a moment map ^ : Proj(i?) — > t*, i.e. over C, the polyhedron 
P{R) consists of the rational points in the image of the moment map. 

If J is a T-homogeneous and N-homogeneous prime ideal of R, then R/ J also has a moment 
polyhedron, P{R/J). Notice that P{R/J) is supported inside of P{R). Drawing the moment 
polyhedra of all T- invariant subvarieties of Proj(i?) in the same picture yields the x-ray polyhedron 
of R. (See ||Tol98[ Section 2] for the original definition.) From here on, we usually draw the whole 
x-ray polyhedron rather than just the moment polyhedron. In particular, we draw the x-rays of 
Hilb"(A|), n < 4, in Subsection 



1.3.2 



Definition 1.3.4. Let the torus T act algebraically on R and let P{R) denote the corresponding x- 
ray. Let Q be a subpolytope of P{R) (i.e. Q is the moment polytope of some T-invariant subvariety 
of Proj(i?)). Define Q-^ C T as follows: 

■■= Pi ker m(gi - 52)- 

"i('?l-92)£A 



Example 1.3.5. Let Q be the vertical edge in the moment polyhedron in Example [1.3. 3 Suppose 



Qi,Q2 ^ Q, m e Z, and 'm{qi — ^2) G A. Then, m{qi — 52) is a group homomorphism — )> Gm of 
the form (ti, t2) '-^ for some n G Z. (I.e. m{qi — (72) £ A is identified with (0, n) G Z^.) Then, 

= {{t,l)\t£Gm}. 

Proposition 1.3.6. Any subvariety Y C Proj{R) whose moment polytope is a subpolytope of Q is 
pointwise fixed by Q-*-. 

Definition 1.3.7. Let X = Proj(i?). Define the bones over Q to be the maximal components of 
X'^^ whose moment polytopes lie inside Q. 

Knutson suggested that the term "bone" be used in place of having to refer to "preimages under 
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the moment map". This substitution of language is necessary when we have an x-ray (hence the 
term "bone") but no moment map (eg. when working over a field of characteristic p > 0). Note 



that we use the term "bone" throughout Subsection 2.2.2 which concerns the compatibly split 



subvarieties of Hilb"(A|), n < 5. 

Before stating the final proposition of this subsection, we recall some definitions/facts about 
polytopes. 

Definition 1.3.8. (See, for example, the notes HGoeH .') Ahalfspace is a set of the form 

{/i G A 02 Q I {fj., a) < (3, for some a £ A* and some (3 e Q}. 

A polyhedron is the intersection of finitely many half spaces. The inequality (a, ^) < /3, a G A* 
and /3 G Q, is called a valid inequality for the polyhedron P if (a, ij) < P for every fi £ P. A face 
of a polyhedron P is {/i £ P \ {a, fi) = (3} where {a, /x) < /? is a valid inequality of P. 

Proposition 1.3.9. (Knutson) Let F be a face of the moment polytope P{R) and suppose that F = 

{/i G P{R) I (a, fJ-) = (3} where {a, fJ.) < j3 is a valid inequality of P{R). 

1. The direct sum 

I = ^ ^ Rn^l,n 

(q,m)</3 

is an N- and T -homogeneous prime ideal of R. Proj{R/I) is the bone of F. 

2. Suppose that R is a k-algebra, where k has characteristic p > 0. Suppose further that R has an 
N- and T-invariant Frobenius splitting. Then, the bone of F is compatibly split. 

Proof. 1. That / is an ideal follows because {a,fi) < /3 is a valid inequality of P{R). Indeed, 
suppose r £ R and i G /. Assume that r G R\i,ni and i G R\2,n2- Then, 

Ai + A2 \ rii / Ai \ 71,2 / A2 

a, > = (a, — > H ( a, — 

n\^n2 I ni + n2 \ n\ j ni + 722 \ n2 

The first summand on the right side of the equation is < ^"^^^^ f3 and the second summand is 
< ni+n2 f^- Thus, the sum is < /3 and we see that ri G I. 
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A nearly identical argument proves that / is prime: Suppose that ab G I. Assume that 

a G ^Ai,ni and b G Rx^'n^- Then ab G Rx-,+x2,ni+n2- Thus, {a, ^^;^) < (3, and so at least one 
of {a, ^) or {a, ^) must also be < /3 (see the above equation). It follows that at least one of 
a or 6 is in /. 

That / is N- and T-homogeneous, and that Proj(i?//) is the bone of F follows by the con- 
struction of /. 

2. Let (/) : 72 — > be an N- and T-invariant Frobenius splitting of R. Then, 

'^W = '/'(^w) ^ R^,^'^l. 



(a,M></3 



□ 



1.3.2 Constructing the moment polyhedron of Hilb"(A|^ 
In this subsection, we discuss the moment polyhedron (really the x-ray) of Hilb"(A|). 

Proposition 1.3.10. Let A be a T'^ -fixed point ofHilb"'{Al). Let Sx denote its standard set. Then, X's 
moment polytope is the point 

Using this proposition, along with the -weights of the tangent space TAHilb"(A|) (see the 
Hilbert scheme background section), we can construct the x-ray of Hilb"(A^). 



B 



(0.1 



(1,0) 

m 



— >- 



Figure 1.1: The x-ray polyhedron of Hilb^(A|). The arrows are meant to denote -weights. 
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J\ A 

A A 




(3.0) 





> > > 



Figure 1.2: The x-ray polyhedron of Hilb^(A|) 




->- 



— 
> > > 



> > > > 



Figure 1.3: The x-ray polyhedron of Hilb^(A|) 



Though we never use the moment map, we provide it here anyway: Let t = Lie((5^)^). There 
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is a moment map $ : Hilb"(C^) ^ t*. It is given by 

dij{i,j) 

ijeNu{o} 

where (under the standard Hermitian inner product), the rank n orthogonal projection of C[a;,j/] 
to 7-*- is x^y^ i-> dijX^y^ H . This is derived from the inclusion 

Hilb"(A^) ^ Gr"(C[x,y]) ^ P(A"C[x, y]*). 
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1.4 Grobner bases, degenerations, and some combinatorics 



1.4.1 Grobner bases and Grobner degenerations 

Our main source for this section is llEis95l Chapter 15]. 

Definition 1.4.1. 1. A monomial order (or term order) > of the polynomial ring k[xi, . . . ,Xn] 

is a total ordering of monomials such that, if n is a (non-constant) monomial and rn-i > 1712, 
then nmi > nm2 > m2- 

2. Let / G k[xi, . . . ,x„]. The initial term of /, denoted init>(/), is the largest term appearing 
in / with respect to the given monomial order. 

3. Let / C k[xi, . . . , x„] be an ideal. The initial ideal is the ideal init>(I) := (init>(/) | / e /). 

Theorem 1.4.2. Let > be a monomial order on k[xi, . . . , x„] and let I be an ideal of k[xi, . . . , Xn]- 
The monomials which are not in init{I) form a k-vector space basis for the quotient k[xi, . . . ,Xn]/I- 

Notice that we have already made use of this theorem when discussing an open cover of the 
Hilbert scheme. 

Example 1.4.3. One common monomial order is the Lex order: Consider the polynomial ring 
k[xi, . . . ,Xn] with variables ordered by xi > X2 > • • • > x„. Then, 

rr"-^ . . . t"-" ^, T-^l . . . T-^" 

if ai > hi for the first index i where ai^bi. 

Often, we'll be concerned with total orderings of the monomials of k[xi^. . . ,Xn\ which only 
satisfy the condition, "if n is a (non-constant) monomial and nii > 7722, then nmi > nm2". In 
particular, unlike in the definition of monomial order given above, we don't require 1 to be smaller 
than any non-constant monomial. For example, in Section 2.3 we will be concerned with the Revlex 
ordering (defined below) . 
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Example 1.4.4. Consider the polynomial ring k[xi,. . . ,Xn] with variables ordered by xi > X2 > 
■ ■ ■ > Xn- Then, 

ai . . . a„ ^ 61 _ _ _ fen 

■^1 '*'n ^Revlex •''l -^n 

if ai < hi for the last index i where ai^hi. 

Often, weights are used to order monomials. 

Definition 1.4.5. Assign integers (i.e. weights) Ai, . . . , A„ to the variables xi, . . . ,a;„. Then the 
weight of x\^ ■ ■ ■ x'^ is Aioi H A^a^, and 

xl^ ■■■ x^" >x\^ ■■■ x^^ if Aiai + • • • A„a„ > A161 + • • • + An^n- 

Remark. Two different monomials in ^[xi, . . . , x„] may have the same weight, and so weights alone 
are not enough to distinguish between all monomials. Therefore, if > denotes a weight order on 
k[xi, Xn], init>/ may consist of multiple terms for some polynomials / G k[xi, . . . x„]. In this 
setting, we call init(/) the initial form of /. 

Example 1.4.6. For a fixed ideal /, we can define weight orders >i and >2 so that 

init>^(/) = initLex(i^) and init>2(I) = initRevlex(^)- 

The weight order >i is obtained by weighting xi,X2, ■ ■ ■ ,Xni>Y Ni,N2, . . . , Nn where A'^i » A^2 > 
• • • » Ar„ > 0. The weight order >2 is obtained by weighting xi,X2, ■ ■ ■ ,Xn by Ni,N2, . . . ,Nn 
where -iV„ » • • • » -N2 » -Ni > 0. 

Definition 1.4.7. Fix a monomial order > on k[xi, x„]. Let / C k[xi, . . . , x„] be an ideal. 

1. A set of polynomials G = {gi,...,gr} C J is called a Grobner basis of / with respect to the 
monomial order > if init>/ = (init>(5) \ g e G). 

2. A Grobner basis G is reduced if (i) for each gi e G, init{gi) does not divide any term of gj for 

i 7^ j, and (ii) the coefficient of each mit{gi) is 1. 
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3. Let G be a set of polynomials {gi,...,gr} (not necessarily a Grobner basis). Let 



''^ GCD(init(5i),initfe))' 

The S-polynomial (or S-pair) oi gi and gj is S{gi,gj) := nij^igi — niijgj. 

Proposition 1.4.8. (Buchberger's criterion) Consider a set of polynomiab G = {gi, . . . ,gr}- Apply 
the division algorithm with respect to G to each S-pair S{gi,gj) to obtain the remainder hij. G is a 
Grobner basis if and only if each hij is 0. 

Buchberger's criterion can be turned into an algorithm (Buchberger's algorithm) for producing 
a Grobner basis from a given generating set G = {gi, . . . , gr}: Apply the division algorithm with 
respect to G to each S-pair S{gi,gj) to obtain the remainder hij. Suppose that some of these hij 
are non-zero. Consider a new set 

G' = {gi, . . . , gr} ^ {hi J \ hij / 0}. 

Apply Buchberger's criterion to G'. If G' is not a Grobner basis, add in the new non-zero remainders. 
Repeat. This process must terminate after finitely many steps. 

We make use of the next lemma when discussing degenerations of the compatibly split subvari- 
eties ofUt^^^y^). 

Lemma 1.4.9. Consider two ideals I,Jc k[xi, . . . , Suppose that k[xi, . . . ,Xn] comes with a 
given monomial order If I c J and init{I) = init{J) then I = J. 

Proof Let {gi,...,gr} be a Grobner basis for I. Let f e J be given. Because both / c J and 
init(/) = init( J) we may reduce / to using the given Grobner basis of /. Thus, / G /. □ 

We end this subsection by recalling the relationship between Grobner bases and flat families. 

Proposition 1.4.10. Let {Ai, . . . , A„} be weights of {xi, . . . , x„} and let A(m) denote the weight of 
the monomial m. Let / C A;[xi, . . . , be an ideal and let G = {gi, . . . , gr} be a Grobner basis with 

respect to the given weight order 
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For each gi e G, write gi = "^Cirrii where mi is a monomial and Ci G k*. Let b = max \{mi) 
Replace each gi e Gby 



Let i={gi\gi£ G). 

1. k[xi, . . . , Xn][t]/i is free and thus flat as a k[t]-module. 

2. k[xi,..., xn\[t]/{{t) + I) ^ S/init{I). 

Thus, k[xi, . . . ,Xn] [t]/I is a flat family over k[t] of quotients of k[xi, . . . , Xn]- The fiber over is 
k[xi,. . . ,Xn]/init{I). 

This type of flat family is called a Grobner degeneration. 
1.4.2 Lex and Revlex degenerations 

In this subsection we review the geometry of Grobner degenerations with respect to the Lex and 
Revlex weightings. We begin with Lex. For this, our references are I1KMY09II and [lKnu04ll . 

Definition 1.4.11. Let / G k[xi, . . . ,Xn]- Weight variable Xj by > and weight each of the 
rest of the variables by 0. Define Lex^^ . (/) to be the leading form of / with respect to the given 
weighting. 

If X is a subscheme of with defining ideal /, define 



Treating = Spec(A;[xi, . . . ,Xn\) as a vector space V, we can decompose it as V = H (B L, 
where H is the hyperplane {xj = 0} and L = A]., is the Xj-axis. There is a k* action on V given by 



Let X be a closed subscheme of V. Let X' denote the flat limit \imt^o{t ■ X)- Notice that 
this limit is just an alternate definition of the Grobner degeneration Lex^^.^^ defined above. The 
following theorem explains the geometry of Lex^j.X. 



gi = t''git-^'xi,...,t-^^xr). 




t ■ (h, I) = (h, tl),t e k*. We say that this action "scales L and fixes H". 
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Theorem 1.4.12. I[KMY09\ Theorem 2.2] Let X be a closed subscheme of V and let L be a 1- 
dimensional subspace ofV. Denote by U the scheme-theoretic closure of the image of X in V/L, and by 
X the closure of X in BIpl^{V®AI) (the blow-up o/P(y A^) at the point ¥L). Set T = Xn {V/L), 
where the intersection of schemes takes place in Blf>L¥{y © A^). 

If H is a hyperplane complementary to L in V, and we identify H with V/L, then the flat limit 
X' := limt-^ot ■ X under scaling L and fixing H satisfies 



with equality as sets. 

Remarks. 1. The authors of I1KMY09II call the decomposition (11 x {0}) U (F x L) a "geometric 
vertex decomposition" as it is reminiscent of a vertex decomposition of a simplicial complex. 
(See the next subsection for relevant definitions.) 

2. In the case that we deal with in this thesis, we get scheme-theoretic equality in the above 
theorem because all subschemes in question are Frobenius split and thus reduced. 

The Revlex case is simpler. 

Definition 1.4.13. Let / G k[xi, . . . , Weight variable Xi by —N where > 0. Weight each of 
the rest of the variables by 0. Define RevleXi.^(/) to be the leading form of / with respect to the 
given weighting. 

If X is a subscheme of A^ with scheme theoretic defining ideal I, define 



Lemma 1.4.14. Let Y be an integral subscheme of Spec k[xi, .■.,Xn]- Let H be the hyperplane {xi = 0} 



X' D{Ux {0}) U (F X L), 




and let L = A^^ be the xi-axis. 



• IfY <ZH then Revlex^^ {¥) = ¥ x O^i ^ H x L. 



• IfY <^H then RevleXr,,{Y) = {Y n H) x L C H x L. 
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Proof. If y C if then xi G I{Y) and Rev\ex,,J{Y) = I{Y). 

Now suppose that Y H. Then x\ ^ l(Y). As I{Y) is prime, we have that if xi divides any 
g G I{Y) then ^ G /(y). So, Revlex,J(y) = (/i(0, xa, xg, . . . G /(F)). Thus, 

k[xi,...,Xr] ^ k[xi,...,Xr] ^ j 



Revlex,,/(y) I{Y) + {xi) 
as desired. □ 



1.4.3 Stanley-Reisner schemes and simplicial complexes 

Our references for this subsection are the textbooks [IMS05II . llSta96|| unless otherwise indicated. 

Definition 1.4.15. A simplicial complex A on the vertex set {vi, . . . , Vn} is a collection of subsets, 
called faces (or simplices), with the following property: if a G A, and t C a, then r G A. We 
call a maximal face a facet. If cr is an d + 1 element subset of {vi, . . . , u„} then we say that a has 
dimension d. If all facets have the same dimension d, the we say that A is pure of dimension d. 

We take particular interest in vertex-decomposable simplicial complexes. 

Definition 1.4.16. [1BP79I1 Let A be a simplicial complex on the vertex set V. Let v G V. Define 
the following subcomplexes: 

1. de\{v) :={F € A\Fu{v} ^ A}. 

2. link(i;) := {F e A \ v ^ F, F U {v} € A}. 

3. star(T;) := {F G A | F U {w} G A}. 

Notice that star(f ) is a cone on link(t>) and that 

A = del(?;) Un^kiv) star(u). 

Definition 1.4.17. I1BP79II Let A be a pure d-dimensional simplicial complex on the vertex set V. 
We say A is vertex-decomposable if either A is empty or there exists a vertex v such that 

1. del(u) is pure, d-dimensional, and vertex-decomposable, and 
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2. link(r;) is pure, {d — l)-dimensional, and vertex-decomposable. 

As mentioned in [|Knu04ll , a particularly nice case is when (i) del(w) is homeomorphic to a d- 
dimensional ball and (ii) link(t;) is homeomorphic to a (d — 1) -dimensional ball (or sphere) on the 
spherical surface of del(f ). Then, A too is homeomorphic to a d-dimensional ball (or sphere). 

Definition 1.4.18. Let A be a pure d-dimensional simplicial complex. We say that A is shellable 

if there exists an ordering of the facets ai, . . . ,as such that for i = 2, . . . , s. 



is a pure {d — l)-dimensional complex. Note that 07 denotes the smallest simplicial complex with 
facet cTj. 

Theorem 1.4.19. I\BP79\I Vertex-decomposable simplicial complexes are shellable. 

To every simplicial complex on the vertex set {vi, . . . , Vn}, we can associate a squarefree mono- 
mial ideal / e k[xi, . . . , Xn]- 

Definition 1.4.20. Let A be a simplicial complex on vertex set V = {vi, . . . , Vn}- Let cr C y and 
define x'^ = YlviGa ^i- '^^^ Stanley-Reisner ideal /a k[xi, . . . , x„] is the ideal 



The Stanley-Reisner ring associated to A (also called the face ring) is the ring Ra := k[xi, . . . , Xn]/lA- 
The Stanley-Reisner scheme associated to A is Spec R/\. 

Notice that /a is actually generated by all x*^ such that a is a minimal non-face of A. 

Theorem 1.4.21. The correspondence A /a is a bijection from simplicial complexes on the vertices 
{vi, . . . , v„} to squarefree monomial ideals in k[xi, . . . , Furthermore, if a = {vi, . . . , Vn} \ cr, and 

m"" = {xi I Vi G a), then, 



i-l 




Ia ■■= (x" I ^ A). 



o-eA 
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Example 1.4.22. Let A C {vi, . . . ,vq} be the simplicial complex with facets {^3,^4}, {^1,^2}, 



{f 1, fs}, {v2,V3,V5}. The geometric realization of A is shown in Figure 1.4 



V 2 



V 1 




V 5 



V 4 



Figure 1 .4: The geometric realization of A in Example 1.4.22 



The Stanley-Reisner ideal of A is generated by the minimal non-faces of A. Thus, 



-^A = {x6,XlX4:,XlXrj,X2X4:,X4:X5,XiX2X3). 



On the other hand, given /a, we can decompose to obtain 

/a = {xi,X2,X5,X6) n (X3,X4,X5,X6) H {X2, X4, X5, Xq) (1 {xi,X4,Xg). 

Thus, the facets of A are {v^jV^}, {vi,V2}, {^1,^3}, and {v2,V3,V5}. 

Sometimes properties of a simplicial complex translate to properties of the associated Stanley- 
Reisner scheme. 

Definition 1.4.23. A simplicial complex A is Cohen-Macaulay if its Stanley-Reisner ring is Cohen- 
Macaulay. 

Theorem 1.4.24. (Hochster) A shellable simplicial complex is Cohen-Macaulay. 

In particular, a vertex-decomposable simplicial complex is Cohen-Macaulay. We make use of 
this later. 

Remark. One can view the geometric realization of the simplicial complex A as the "moment poly- 
tope" of Proj(i?A) (which needn't actually be a polytope since i?A isn't a domain). 
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Chapter 2 



Compatibly split subvarieties of the 
Hilbert scheme of points in the plane 



2. 1 Preliminary remarks 

Let k be an algebraically closed field of characteristic p > 2. Fix the T^-invariant Frobenius splitting 



of Hilb"(A|) induced from the standard splitting of A| (see Subsection 1.2.7). In this section, we 
begin investigating the question, "What are all compatibly split subvarieties of Hilb"(A|)?" We note 
that the n = 1 case is trivial as Hilb^(A^) = A^ with the standard splitting. Indeed, as we saw in 



Example 1.2.18 there are four compatibly split subvarieties of A| with the standard splitting: A|, 
the y-axis, the x-axis, and the origin. Identifying (x, y) G A|, with the location of the one point in 
Hilb^(A2), we see that the compatibly split subvarieties of Hilb^(A^) can be described by "the point 
is in A^", "the point is on the y-axis", "the point is on the x-axis", and "the point is at the origin". 

Remark. Throughout the rest of the thesis, when referring to closed points of Hilb"(A^), we usually 
mean colength-n ideals of k[x,y], rather than the corresponding length-n subschemes of A|. 

2.1.1 A partial description of all compatibly split subvarieties 



In this subsection, we gain some intuition into our problem through Proposition 2.1.1[ It asserts 



that finding all compatibly split subvarieties of Hilb"(A^) amounts to finding all compatibly split 
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subvarieties Z C Hilb'"(A|), m<n, with the property that Z C HilbS^(A2). (Recall that Hilb^(A2), 
the punctual Hilbert scheme, parametrizes length-m subschemes supported at the origin.) 

Proposition 2.1.1. For p > n!, y C MZb"(A|) is a compatibly split subvariety if and only ifYis the 
closure, inHilb^{Al), of the (set-theoretic) image of a map 

ir,s,t,z ■ HilV (punctured x-axis) x Hilb'' (punctured y-axis) x Hilb\Al \ {xy = 0}) x Z Hift"(A^) 

(/i, I2, 13, 14) ^ ii n /2 n /3 n /4 
where Y is given the reduced induced subscheme structure and where 

1 . each of the punctured axes have been punctured at the origin, 

2. r,s,t are non-negative integers with r + s + 1 < n, and 

3. Z C MZb""''"^"*(A|) is a compatibly split (irreducible) subvariety contained inHilbQ~''~^~\Al). 

Lemma 2.1.2. Let U := {(I, J) G Hilb''{Al) x Hilb\Al) \ I + J = k[x,y]}. Then U is an open 
subscheme ofHilb''(Al) x Hilb\Al), and 

ja,b:U^Hilb''+\Al), (I, J) ^ in J 

is a well-defined morphism. Also, ja,b{U) is open in MZb"'^^(A^). 

Proof. Let R = k[xi,yi, . . . ,Xa,ya,ui,vi, ■ ■ ■ , u^, Vb] and consider Spec R = (A|)" x (A|)''. Let 

l<i<a 
l<j<b 

The product of symmetric groups Sa x Sb acts on (A|)" x (A|)'' by 

(a,T)-(xi,yi,. . .,Xa,ya,Ui,Vi,.. .,Ub,Vb) = (X^(l),ya(l)> • • ■ ,Xa{a),ya{a),Ur(l),V^i^i^, . . . , U^(^h)^ V^{b)) ■ 

The quotient Y = Spec{(R/I)^''''^>'-j is a closed subvariety of ^"(A^) x S^(Al). Let Y' denote the 

46 



preimage of Y (under the product of the appropriate Hilbert-Chow morphisms) in Hilb"(A^) x 
Hilb''(A^). U is the complement of y' and so is an open subscheme of Hilb"(A^) x Hilb^(A|). 

Next notice that, since / and J are coprime. In J is an element of Hilb""'"''(A^). Therefore ja,b is 
well-defined as a map of sets. We now show that ja,b(U) is an open subscheme of Hilb""'"^(A^). To 
begin, let Y C ^"(A^) x ^''(A^) be as above. Because tt : ^"(A^) x ^''(A^) ^ S^+^Al) is a finite 
morphism, 7r{Y) is a closed subscheme of S'"+''(A|). Its complement S'"+^(A|) \ 7r{Y) is open and 
thus the preimage of 6'""'"''(A^) \ Tr{Y) (under the appropriate Hilbert-Chow morphism) is open in 
Hilb''+*(A^). This preimage is ja,b{U) and so ja,b{U) is an open subscheme of Hilb"+^(A^). 

Finally, we show that ja,b is a morphism by finding an open cover of U such that the restriction 
of ja,b to each set in the open cover is a morphism. 

Suppose that I eUxQ Hilb"(A^) and J e Ux' Q Hilb''(A^). Then, / is generated by 

{xV- E ^'jA' e A}, 

and J is generated by 

{xV- E 4'>V I e A'}. 
Suppose that inJeUy^ Hilb"+''(A|). Then / n J is generated by 

Since / and J are coprime, IriJ = IJ and we see that each e^''^ is a rational function in the various 
Cf^\ and the various (f,^\. Suppose e)^°';° = f/gior some polynomials / and g in the various cj^'"] and 
Then, 

gx'-oy^o _ fxhoylo _ ge'h'ix^y'- 

x^y^iX" 

is an element of IJ. If g ever vanishes, then IJ ^ Uyi . Thus, f/g is a regular function and ja,b 
restricted to the open set U n {Ux x Uy) n j~l{ja,b{U) n Ux") is a morphism. Sets of this form (i.e. 
of the form U n {Ux x Uy) (^jabija,b{U) n Uy)) cover U and so we see that ja,b is a morphism. □ 
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Remarks. 1. Lemma 2.1.2 implies that the set-theoretically defined map ir,s,t,z in Proposition 



2.1.1| is a morphism of schemes. 
2. Since each of the factors in the domain oiir,s,t,z are irreducible, so is the closure of the image. 
Lemma 2.1.3. Let U = {{I, J) G HiW{Al) x Hilb^{Al) \ I + J = k[x, y]} and suppose that p > 



n + 1. Let jn,i ■ U — ;> Hilb^^^{Al) be the morphism defined in Lemma 2.1.2 Because jn,i{U) is 



an open subscheme of Hilb"'^^ (Al), it has an induced splitting. With respect to this induced splitting, 
jn,i '■ U —?- jn,i{U) is a split morphism. 

Proofi Let y C [/ be the open subscheme where none of the points collide. Then, (V) is the open 
subscheme in jn,i{U) where none of the points collide. Give each of V and jn,i{V) the splittings 
induced from U and jn,i{U) respectively. Let ai G H^CVjUy-^) and a2 G H'^{jn,i{V),u}J'^_^^y^) be 
such that (j^^^ and 0-2^ determine these induced splittings. 

To see that jn,i ■ U — > jn,i{U) is a split morphism, it suffices to show that jn,i\v is a split 



morphism (see Lemma 1.2.22 ) . To begin, note the following: 



1. The morphism jn,i\v ■ ^ Jn,i(y) is etale. (Indeed, jn,i|y is flat because it is a finite 
surjective morphism between smooth varieties. That jn,i|y is unramified follows from the 
assumption that p > n + 1 = deg(jVi,i|y).) 

2. There are no non-constant, non-vanishing functions on V . (Proof: There are no non-constant, 
non-vanishing functions on S"'{Al), S'"(A|) is normal, and the complement of V in 5"(A|) is 
codimension-2.) 



By 1. and Lemma 1.2.24 (in,i|y)*(<72^) is a splitting section of V. Furthermore, if V is Frobenius 
split by {jn,i\vT{o'2~^) jn,i{V) is Frobenius split by af^, then jn,i\v a split morphism. There- 
fore, to obtain the desired result, it suffices to show that cr^^^ = (jn,i|v)*(o'2)^^^. This equality 
holds because of 2. and the fact that ai and {jn,i\v)* {(^2) vanish in the same location (see Lemma 
1.2.15D . □ 



Lemma 2.1 A. IfYc: Hi/b"(A|) is the closure of the image of ir,s,t,z, for some r, s, t, Z, then Y is 
compatibly split. 
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Proof, li r = s = t = 0, then the result is automatic. So suppose otherwise and proceed by 
induction on n. When n = 1 the result is clear. 

Let (pn and cpi denote the splittings of Hilb"(A|) and Hilb^(A^) and suppose that Yi C Hilb"(A|) 
and Y2 C Hilb^(A|) are each irreducible compatibly split subschemes. Then, with respect to the 
splitting (pn 01, Yi X Y2 Hilb"(A^) x Hilb^(A^) is compatibly split (see the remark following 



Example [1X25] ) ■ 

Now, suppose that dim(y2) > (i.e. Y2 = x-axis, or Y2 = y-axis, or Y2 = A^). Let U and be 



as in Lemma [2.1.3 Note that {Yi x Y2) 11^$. Because j„ 1 is a split morphism, the closure of 



in,i((^i X Y2) n U) in jn,i{U) is compatibly split in jn,i{U). Because jn,iiU) is open in Hilb"'^^(A^) 
and has the induced splitting, the closure of x Y2) n U) in Hilb"''"^(A|) (with the reduced 

induced scheme structure) is compatibly split. 

By induction, we may assume that Yi is the closure of the image of some ir',s',t',z- Then, the 
closure of j„ x Y2) n U) in Hilb"^^(A|) agrees with the closure of the image of ir,s,t,z, where 
either (i) r = r' + 1, s = s', t = t' , or (ii) r = r' , s = s' + 1, t = t' , or (iii) r = r' , s = s' , t = t' + 1. 
It follows that the closure of the image of ir,s,t,z is compatibly split in Hilb"^^(A|). □ 



We now complete the proof of Proposition 2.1.1 It remains to show that if y C Hilb"(A^) is 



compatibly split then Y must be the closure of the image of a map ir,s,t,z for some r, s, t, Z. 
Proof of Proposition 2.1.1 Let vr : (A|)" —?- 5'"(A|) denote the quotient map. Let p be larger than 



deg(7r) = n\. 

By the compatibility of the splittings of Hilb"(A|) and S'"(A|), the image of any compatibly split 
subvariety of Hilb"(A|) is compatibly split in 5"(A^). By the compatibility of the splittings of (A|)" 
and 5"(A|), and by Speyer's theorem regarding finite morphisms (see Proposition 



1.2.30 



this is 



where we use p > n!), Y £ ^"(A^) is compatibly split if and only if vr (Y) is compatibly split in 



Recall that the set of compatibly split subvarieties of (A|)" with the standard splitting is the set 
of all coordinate subspaces of (A^)". Thus, the set of compatibly split subvarieties of 5'"(A^) is 



vr(F) 



y = cj(S'), S* a coordinate subspace of I 
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and so any compatibly split subvariety Y C Hilb"(A|) must map by the Hilbert-Chow morphism to 
some vr(y). Notice that each niV) is the closure of the image, in 5"(A^), of a product of the form 

5*" (punctured x-axis) x S''^ (punctured y-axis) x ^^(AI \ {xy = 0}) x Z' 

where Z' is the cycle {n — r — s — t)[(0, 0)]. 

Now suppose that Y C Hilb"(A|) is a compatibly split subvariety. Since Y maps by the Hilbert- 
Chow morphism to some vr(y), it follows that Y is the closure of the image of the map 

i : Hilb'' (punctured x-axis) x Hilb'' (punctured y-axis) x Hilb*(A| \ {xy = 0}) x Z ^ Hilb"(A|) 

(/i, I2, 13, 14) ^ hnhnhnh 

for some r,s,t >0 with r + s + t < n and for some subvariety Z C Hilbo~^~*~*(A^). 

To show that Z must be a compatibly split subvariety of Hilb"~^~*~*(A^), we proceed by induc- 
tion on n. When n = 1, the result is automatic. 

Now suppose that Y is compatibly split in Hilb""^^(A|). If Y is contained in HilbQ+^(A^) then 
we are done. So suppose otherwise. Consider the inclusion j : Hilb"^^(A|,) ^ Hilb"''"^(P|) where 
j is the map induced by the inclusion A| ^ IP|, {x,y) H> (x : y : 1). Let Y denote the closure of 

j{Y). 

Consider the splitting of Hilb"+^(P|) induced by the standard splitting of P| (i.e. the split- 
ting with compatibly split anticanonical divisor {xyz = 0}). Let D = Di U D2 U denote the 
compatibly split anticanonical divisor in Hilb"^^(P|) and let denote the component which has 
empty intersection with Hilb"^^(A|) (i.e. a stratum representative of D3 has one point supported 
on the line {z = 0}). Then Hilb"+^(A^) is an open set in Hilb"+^(P|) (via the inclusion j) and 



has the induced splitting. By I1BK051 Lemma 1.1.7] (see Proposition 1.2.6 ), Y is compatibly split in 
Hilb"+^(P^). Thus, Da n F is compatibly split. Because Y ^ Hilbo+^(A|) by assumption, 1)3 n F is 
non-empty. 
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Let U C Hilb"(p2) x Hilb^(P|) be defined by 



U := {(/, J) G Hilb"(P|) x Hilb^(P|) | the schemes associated to / + J and / + {z) are empty} 



and consider the map 



jn,i ■■ u ^ Hilb"+^(p2), (/, J) ^ / n J. 



By a similar argument to the one in Lemma 2.1.2 U is open in Hilb"(P^) x Hilb^(P^) and i„,i(f/) 



is open in Hilb"^^(P|,). Thus, U and jn,i{U) have induced spHttings. By a similar argument to the 



one in Lemma 



2.1.3 



jn,i '■ U — ;> jn,i{U) is a Split morphism. 



Notice that (the reduction of) i^i(jn,i(t^) n (D3 nY)) is isomorphic to 5 x Hilb ({z = 0} C P^) 
for some subvariety S C Hilb"(A|). Furthermore, because the morphism jVt,i is finite and split, 
we may apply Speyer's theorem to see that S x Hilb^({z = 0}) is compatibly split in Hilb"(A^) x 
Hilb^({z = 0}). Finally, because the projection map vri : Hilb"(A2) x Hilb^(D3) ^ Hilb"(A|) is a 



split map (see Example 1.2.25), S C Hilb"(A|,) is compatibly split and we are done by induction. 



□ 



2.1.2 Stratum representatives 

We will often describe a compatibly split subvariety y by a "stratum representative" that it contains. 

Definition 2.1.5. Let y be a compatibly split subvariety. We say that an element / e y is a stratum 
representative of y if / is not in any compatibly split subvariety that is properly contained in Y. 

By Proposition 



2.1.1 



if y C Hilb"(A^) is compatibly split, we may always choose a stratum 



representative I such that Spec(A;[x, y]/I) has the following form: 



Note that the circled points correspond to a stratum representative of Z C Hilbg (Z is 



as in Proposition 2.1.1 ) 
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2.2 Compatibly split subvarieties of Hilb'^(A^) for n < 5 

Throughout this section, let k be an algebraically closed field of (any) characteristic p > n\ 



2.2.1 Running the Knutson-Lam-Speyer algorithm in the n = 2 case 



1.2.5 



In 



The compatibly split subvarieties of Hilb"(A|) forn = 2, 3, 4 can be found using Algorithm 
this subsection, we run the algorithm when n = 2 and prove that the algorithm finds all compatibly 
split subvarieties in this case. We use the stratum representative pictures described above to denote 
the compatibly split subvarieties that arise. In addition we carry through the explicit computations 
on the open patch Ui^^^y-zy 

Let (jP^^ G iJ°(Hilb^(A|),F^,(a;^~f'2 2 )) determine the torus invariant splitting of Hilb^(A|) 

rlllD v-"^fc/ 

and let D = V{a). 



In Subsection 2.3.2 we show that the induced splitting of U(^x y2^ = Spec A;[ai, 6i, 02, ^2] is given 



by Tr(/|'~^-) where /2 = (016102 — a\ + a\h2){h2)- (So, the intersections of U(^^^y2) with each of two 
components of D appearing below are given by {016102 — of + 0362 = 0} and {62 = 0} respectively.) 
To help understand the geometry, let {xi,yi) and (x2,y2) denote the two (unordered) locations 
of the points. On the open set where none of the points collide, oi = ^iffi^^a^^ = ^ 
61 = yi + y2, and 62 = yiy2- 

— u . 



Figure 2.1: (Hilb^(A^), D = £)i U 1)2) is the input of the algorithm. 



Hilb^(A|) is smooth, so we can skip step 2 of the algorithm. Apply step 3 by intersecting the 
two components of D. Notice that this intersection decomposes into two components. On C/^^ ^2^, 
the two components of the intersection are given by (oi, 62) and (0261 — oi, 62) respectively. 

By symmetry, we need only continue with the first of the two pairs, which we denote by 
{Di,Di n D2). Notice that Di is not normal. The singular locus of Di is the subvariety with a 
stratum representative where two points are on the y-axis. We can check this explicitly on C/^^ ^2^; 
the singular locus of {016102 — of + O262 = 0} is {01 = 02 = 0}. 
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Figure 2.2: Apply step 3 of the algorithm to obtain {Di,Di n D2) and {D2, D2 n Di). 



Let Di denote the normalization of Di. A stratum representative for Di consists of one labelled 
point on the y-axis and one point in A| \ {xy = 0}. Indeed, the corresponding closed subvariety of 
the isospectral Hilbert scheme (the scheme of labelled points in the plane) is normal, maps finitely 
to Di, and maps isomorphically away from the preimage of the singular locus of Di. [We can see 
this explicitly as follows: As seen in OHaiOli Proposition 3.4.2], the isospectral Hilbert scheme X2 
of 2 labelled points in the plane is given by Proj(A;[xi, X2, yi,y2]{tl2)) where I2 = {xi — X2,yi — y2) 
and {xi,yi) and (x2, 1/2) are the (now ordered) locations of the two points. The subvariety {xi = 0} 
has homogeneous coordinate ring k[xi,X2,yi,y2,wo,wi]/{{yi - y2)wQ + X2W1) where xi,X2, 1/1,2/2 
have degree and wq, wi have degree 1. This ring is integrally closed. So the subvariety {xi = 0} 
is projectively normal. Futhermore, because X2/S2 = Hilb^(A|) (see llHai04ll ). {xi = 0} maps 
finitely (via the quotient map) onto Di. This map is an isomorphism away from the preimage of 
the (irreducible and codimension-1) singular locus of Di. Thus, {xi = 0} is isomorphic to Di, the 
normalization of Di.] 

Working in the open patch U(^x^y2^, we see that the integral closure of A;[ai, 5i, 02, 62]/(ai6ia2 — 
a\ + 0362) is oi, 61, a2, 62]// where I = {wa2 — ai.nP' — wbi — 62)- Computing the relevant 
preimages (proper transforms), we see that the subvarieties appearing below are determined by 
the ideals (ai, 02, w'^ — wbi — 62), {b2,ai,w), and (62, 0261 — ai, u; — 61) respectively. 



1 


1 

u 


U 1 













Figure 2.3: Apply step 4 of the algorithm to {Di,Di n D2) appearing in Figure 2.2 



Intersect each component of the divisor in Figure [2?3] with each of the other two components to 
obtain the pairs in Figure 2.4 The remaining computations in the open patch U(^x,y'^) are straight- 
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forward so we omit them. 



u 



u 1 




u — 1 









u 



u 



Figure 2.4: Apply step 3 once more. Note that the picture where two points are at the origin 
denotes a stratum representative of Hilbo((A)^) = P^. 



Iterating the steps of the algorithm once more obtains the preimage of the T^-fixed points in the 
isospectral Hilbert scheme. Mapping all subvarieties forward to Hilb2(A^) yields the stratification 



shown in Figure 2.5 (Note that all defining ideals of the compatibly split subvarieties of C^(a;,i/2) can 



be found in Figure 2.16 ) 




Figure 2.5: The compatibly split subvarieties of Hilb^(A^ 
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Proposition 2.2.1. The Knutson-Lam-Speyer algorithm finds all compatibly split subvarieties of the 
Hilbert scheme of 2 points in the plane. 



Proof. By Proposition 2.1.1 it suffices to check that the algorithm finds all compatibly split subvari- 
eties contained inside of Hilbo(A|). To do so, notice that all -invariant subvarieties of Hilbo(A|) 
(i.e. Hilbo(A^), and {{x'^,y)}) are the "bones" (see Definition 1.3.7) of exterior faces of 



the moment polyhedron of Hilb^(A|). Thus, by Proposition 1.3.9 the set of torus invariant sub- 
varieties contained in Hilbg(A|,) is equal to the set of compatibly split subvarieties contained in 
Hilb^(A2). □ 

Remark. Some compatibly split subvarieties of Hilb^(A^) have splittings which are not {p — ly^ 
powers. For example, let Di be as above (i.e. a stratum representative of Di has one point on the 
y-axis). Recall that Di is not normal. Let v : Di —?■ Di denote the normalization, and let Y denote 
the preimage, under u, of the (codimension-1 part of the) singular locus of Di. Notice that u\y is 
generically 2:1 but is ramified along the locus where the two points collide. Letting s = yi + 2/2 
and m = yiy2 be the two coordinates on i^iY) = K\/ S2, we can check that the splitting of viY) is 
given by the section (s^ — 4m) (^^^^/^m^"^. This is not a {p — ly^ power. Notice that {m = 0} is 
compatibly split. We would like to say that {s^ = 4m} (which agrees with the ramification locus of 
i/|y) is "half split", but we don't have a general definition to give. 



2.2.2 Compatibly split subvarieties of Hilb"(A^) forn < 5 

In this subsection, we describe all compatibly split subvarieties of Hilb"(A^) for n < 4, as well 
as provide a conjectural list of all compatibly split subvarieties of Hilb^(A|). We prove that this 
conjectural list is correct up to the possible inclusion of one particular one-dimensional subvariety 
of Hilb^(A^), and we show that this particular one-dimensional subvariety is not compatibly split 
for at least those primes p satisfying 2 < p < 23. 

By Proposition |2.1.1| we need only describe those compatibly split subvarieties which are 
contained inside the punctual Hilbert scheme, Hilbg(A|). We have already covered the cases of 
n = 1, 2, so we begin with n = 3. 
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Proposition 2.2.2. Let g , , and nin denote the moment polytopes of the T^-fixed points {x, y^), 
(x^, xy, y"^), and {x^, y). The compatibly split suhvarieties ofHilh'^{K\) which are contained inside the 
punctual Hilbert scheme HiZbg(A^) are precisely those Y appearing in the following list. 



1. Y is the hone (see Definition\l.3.7} of the edge in the moment polyhedron ofHilh^{K\) connecting 



g and ^ . That is,Y = {(y^, xy, x^, ay^ + bx) \ [a, b] G P^}. 

2. Y is the hone of the edge in the moment polyhedron of Hilh'^{K\) connecting ^ and ujj . That 

is, Y = {{y'^,xy,x^,ax'^ + by) \ [a,b] G P^}. 

3. Y is one of the T'^ -fixed points (i.e. Y = (x, y^), Y = (x^, xy, y'^), orY = {x^,y)). 




Figure 2.6: The two diagonal edges are the moment polytopes mentioned in items 1. and 2. of 
Proposition 2.2.2 The three vertices are the moment polytopes of the three -fixed points of 
Hilb3(A|). 



Before proving this proposition, we consider a few helpful lemmas. 

Lemma 2.2.3. Suppose S is a T'^-invariant closed suhvariety of ILilh'^{k\). Let {Ai, . . . , A^} he the 
(non-empty) set of fixed points that S contains. Then S n U\., 1 < i < r, is non-empty and S = 
(5" n [/aJ U • • • U (5 n C/aJ, an open affine cover 

Proof. Suppose that {Ai, . . . , A^} is the set of fixed points of 5. Since Aj G U\^, we see that SC\U\^ / 
0. 

Next suppose that S" D (5 n C/aJ U • • • U (5 n ?7aJ. Then 5 n [/a / for some A ^ {Ai, . . . , A^}. 
Let / G (5" n C/a) \ [(5 n ?7a J U • • • U (5" n C/aJ]. As Ux is T^-invariant, the entire -orbit of / is 
contained in Ux. As each C/a., 1 < i < r, is T^-invariant, the orbit has trivial intersection with each 
Uxi, 1 < i < r. Futhermore, since S is T^-invariant and projective, the orbit closure of / contains a 
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fixed point Aj G S. Thus, the orbit of / has non-trivial intersection with any open set containing A^; 
in particular it has non-trivial intersection with , a contradiction. □ 

Lemma 2.2.4. IfYis the bone of the edge in the moment polyhedron o/HiZb^(A|) connecting g and 
, then Y = {{y^,xy,x'^,ay'^ + bx) \ [a,b] G P^}. If Y is the bone of the edge in the moment 
polyhedron ofHilb^{Al) connecting ^ and cm , then Y = {(y^, xy, x^, ax^ + by) \ [a, b] £ P^}. 

Proof. Let Y denote the bone of the edge connecting g and ^ . Since the vector from g to is 
(1, -2) (see Subsection |l.3.2| , Y C Hilbo(A|) is pointwise fixed by the subtorus = {{t^,t) \ t £ 
Gm}- Next, by Lemma 2.2.3 Y = {Y D C/^a. ^3^) U{Y D ^,2^). All elements of y n Ui^^^yS^^ which 

are pointwise fixed by have the form (y^, xy, x — Ay^), A G A; and all elements of y n f/^2,'2,xy,j/2) 



which are pointwise fixed by have the form (x^, xy, y^ — fix), fi e k. Gluing these two copies of 
yields P^ = {{y^,xy,x^,ay'^ + bx) \ [a,b] G P^}. Similar reasoning shows that the bone of the 



edge connecting |^ and rm is as claimed. 



□ 



We now state Lemma [2.3.9 which is proved in Section 2.3. It is useful for showing that there 
cannot be any compatibly split subvarieties contained in HilbQ(A^) which are not listed in Proposi- 
tion Uli;!! 



Lemma 2.3.9 Let Y C Hilb'^{Al) be a compatibly split subvariety that has non-trivial intersection 
with Ui^x,y-^)- IfYis contained inside the punctual Hilbert scheme MZbg (A^), then Y is either the 0- 
dimensional subvariety {{x, y")} or the 1-dimensional subvariety that is pointwise fixed by the subtorus 



n-l 



t) t£ 



J- 



We are now ready to prove Proposition 2.2.2 



Proof of Proposition 2.2.2 First notice that each of the subvarieties mentioned in the proposition is 
the bone of some (exterior) face of the moment polyhedron of Hilb^(A^) (see Figure 1.2). Thus, 



all subvarieties listed in the statement of the proposition are compatibly split. 

Next, note that the moment polytope of each compatibly split subvariety of Hilb'^(A|) which 
is contained inside of Hilbo(A^) must be a subpolytope of the moment polytope of Hilbg(A^). In 
Figure |L2| we see that the moment polytope of Hilbg(A|.) is the triangle with vertices g ' ' ^^'^ 
CEB . Thus, to show that there are no additional compatibly split subvarieties contained in Hilbg(A^), 
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it is enough to show that the bone of the edge connecting g and nno is not compatibly split. Indeed, 
if the bone of this edge is not compatibly split, then neither is HilbQ(A|) since the bone of any 
(exterior) face of the moment polytope of a compatibly split subvariety is compatibly split. The 
bone of the edge connecting □ and cm is not compatibly split by Lemma 



2.3.9 



□ 




Figure 2.7: The compatibly split subvarieties of Hilb^(A|) using stratum representative pictures. 
The lines drawn indicate containment. 



The stratification of Hilb^(A|) by all compatibly split subvarieties is drawn in Figure 



2.7 



Most of 

the stratum representative pictures are of the form "stratum representative picture from the n = 2 
case with a point added on one of the two axes or in \ {xy = 0}". So, it remains to explain the 
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pictures representing those subvarieties Y C Hilbo(A|). The stratum representative second from 
the left (respectively second from the right) on the line containing dimension-1 compatibly split 
subvarieties represents the bone of the edge connecting g and ^ (resp. and cm). The vertical 
line (resp. horizontal line) in the picture is to indicate that |^(0, 0) = (resp. g^(0, 0) = 0) for all / 
in any colength-3 ideal I eY. For each of the 0-dimensional compatibly split subvarieties {{x, y^)}, 
{{x'^,xy, y'^)}, and {{x^, y)}, we draw the standard set associated to the relevant monomial ideal. 

Proposition 2.2.5. Let i , , , , and rrm denote the moment polytopes of the T'^ -fixed points 

{x,y^), {x'^,xy,y% {x'^,y'^), {x^,xy,y'^), {x^,y). The compatibly split subvarieties of Hilb'^{Al) which 
are contained inside the punctual Hilbert scheme HiZbQ(A^) are precisely those Y appearing in the 
following list. 



and □ . That is. 



1. Y is the bone of the edge in the moment polyhedron of Hilb'^ (Aj,) connecting 
Y = {{y\ xy, x^ ay'^ + hx) \ [a, 6] G P^}. 

2. Y is the bone of the edge in the moment polyhedron of Hilb'^ (Af,) connecting and rrm . That 
is,Y = {{y^, xy, x^, ay + hx^) \ [a, h] e P^}. 



3. Y is the bone of the edge in the moment polyhedron connecting the vertices , |ig , and 
That is. 



Y = I 



{y^, xy"^, x^y, x^ , ax^ + bxy + cy^ dx^ + exy + fy'^) 



2 j„2 



rank 



( h \ 

a b c 



In other words, Y = Gr2{{y'^,xy,x'^)/{y^,xy'^,x'^y,x^)), the Grassmannian of 2-planes in the 
vector space {y^, xy, x^) / {y^, xy"^, x'^y, x^). 

4. Let the subvariety in 3. be given by Proj{k[wo, wi,W2]) where wq, wi, and W2 are the Pliicker 
coordinates ae — bd, af — cd, and bf — ce. Then the subvarieties {wi = 0} and {wf — wqW2 = 0} 
are compatibly split subvarieties o/MZb^(A|). 

5. Y is one of the follomng four -fixed points: {x,y^), {x^,xy,y^), {x^,xy,y'^), or{x^,y). Note 
that {x"^, y"^) is not compatibly split. 



59 



an 
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Figure 2.8: The moment polytopes of the subvarieties in items 1. through 4. of Proposition |2.23 



are labelled in the figure. Notice that the (green) interior vertex is the moment polytope of the 
T^-fixed point (x^, y^), which is not compatibly split. Note also that there should not be an interior 
vertex drawn in the moment polytope of the subvarieties described in item 4. 



and 



Lemma 2.2.6. IfY is the bone of the edge in the moment polyhedron ofHilh^{K\) connecting 

, then Y = {{y'^,xy,x^,ay^ + bx) \ [a,b] G P^}. If Y is the bone of the edge in the moment 
polyhedron of HiW^ (Aj.) connecting and rrm , then Y = {{y^, xy, x^, ay + bx^) \ [a, b] G P^}. IfY 
is the bone of the edge in the moment polyhedron connecting the vertices , gi| , and \^]^ , then 



Y := < 



{y'^, xy^, x^y, x'^ , ax^ + bxy + cy^, dx'^ + exy + fy'^ 



rank 




Proof. The argument to verify the first two claims is nearly identical to the one given in the 3 -point 
case. So, we just consider the case where Y is the bone of the edge in the moment polyhedron 
connecting the vertices > 2] > ^^d '^^^ . The coordinates of , g , and |^ are (1,3), (2,2), 
and (3,1) respectively. So, the subtorus = {{t,t) \ t G Gm} pointwise fixes Y. All elements 



of y n U(^y3^xy,x^) which are pointwise fixed by have the form {y^,xy'^,xy — Xiy 



2 x2 



Ai, A2 G k, all elements of Y (111(^,^.2 ^y2-^ which are pointwise fixed by have the form {y'^x, x'^y, y"^ — 
fiixy,x'^ — H2xy), fi G k, and all elements of F n f/(x3.xj/,j/2) which are pointwise fixed by have 
the form {x^, x^y, xy — vix'^,y'^ — v^x^), v\,V2 G k. These copies of A| glue to give 



Y := < 



(y^, xy2, x'^y, x^, ax^ + bxy + cy^ , dx^ + exy + fy 



2 j™2 



rank 



a b c 



d e f ^ 



2\. 
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That is, Y = Proj(A;[?i;o, wi,W2]) where wq, wi, and W2 are given by the Pliicker coordinates ae — bd, 
af — cd, and bf — ce. Notice that Y n Ui^yZ^^y^x'^)-: Y D [/^^.2 ,^2^, and Y n C^(a;2,xy,j/3> ^re the open sets 
{wo / 0}, {wi / 0}, and {w2 / 0} respectively. □ 



We now prove Proposition 2.2.5 



Proof of Proposition 2.2.5 Each of the subvarieties mentioned in items 1., 2., 3., and 5. of the 



proposition is the bone of some exterior face of the moment polyhedron of Hilb'^(A|) (see Figure 



1.3p . Thus, they are all compatibly split. We now show that the subvarieties mentioned in item 4. 
are compatibly split by realizing them as intersections of known compatibly split subvarieties. 

Let Yi = {wf — wqW2 = 0} and Y2 = {wi = 0} be the subvarieties of Proi{k[wo,wi,W2]) 
described in item 4. Notice that the 0-dimensional subvariety {(x^, xy, y^)} is given by {wi = W2 = 
0} C Proi{k[wo, wi, W2]) and so {(x^, xy, y^)} is a subvariety of both Yi and Y2. Thus, Yi and Y2 are 
compatibly split if and only if Yi n [/^^.2^j^ and Y2 n [/^a,2^^ are compatibly split in [/^^,2^y j^s^ 
with the induced splitting. 

We can check that every element of [/^^2^y ^^3^ is an ideal generated by polynomials of the form 



y3 


- 


- b2y - 


bsx 


- Cl 


2 

xy 


- aiy^ 


- C2y - 


C3X 


- C4 


xy 




- c^y - 


64 X 


- C6 


x^ 


- asy^ 


- cjy - 


a^x 


- C8 



where each aj and 6j are elements of k and each q is a polynomial (obtained via Buchberger's S-pair 
criterion) in ai, . . . , 04, 61 . . . , 64. (See the proof of Lemma 2.3.1| for further explanation regarding 



computations of this sort.) Thus, C/^^2^y ^3^ = /i:[ai, . . . , 04, 61, . . . , 64]. 
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Let Zi = {{x^ ,xy,y'^)} C Hilb^(A|) and let Wi be the closure of the image of 



io,o,i,Zi : Hilbi(A2 \ {xy = 0}) x Zi ^ Hilb^CA^) 



where io,o,i,Zi is as in Proposition 2.1.1 Then Wi is compatibly split. Now, let W" denote the 



image of io,o,i,Zi- Notice that is an open set of Wi and that any / G VFf has the form / 
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xy, 2/2) n (j; - a, y - /?), a, /3 e k*. Thus, I = {y^ - py'^,xy'^ - ay"^, xy - rc^ - !^y'^), and we 
see that Wi n Ui^x^^^y^yi-^ is given by the ideal (0261 — ai, 02 — as, aia2 — 0361, 036^ — a\, &2, &3, ^4, a4)- 

Let Z2 be the bone of the exterior edge in the moment polyhedron of Hilb'^(A|) connecting 
and g_| . Let W2 be the closure of the image of 



^1,0,0,^2 '■ Hilb^ (punctured x-axis) x Z2 — ^ Hilb^(A2'' 



where n,o,o,Z2 is as in Proposition 2.1.1 Then W2 is compatibly split. Let VFJ denote the image of 



h,o.o,Z2- Let W3 denote the closure of the image of ii o,o.Zi where Zi = {{x'^ , xy , y'^)} C Hilb'^(A|) 
as in the previous paragraph. Then W3 is a closed subvariety of W2. Let W2 = VFJ n {W2 \ W3). 
Notice that W2 is an open set in W2 and that any / e W2 has the form I = {y^,x — ay"^) n (x — /3, y), 
a £ k, f3 £ k* . Thus, / = {y^, xy'^, xy, x^ — ajiy^ — jSx), and we see that W2 H J7(a;2,x.y,y3) is given by 
(01,02,61,62,63,^4)- 

Let Y = Proj(A;[wo, wi, W2]) be as in item 3. of the statement of the proposition. Any / G 

Y n [/^2,'2,xy,j/3) is given by an ideal of the form {y^, xy'^,xy — ay'^,x'^ — Py"^) for some a,j3 £ k. So, 

Y n U(^x'^^xy,y^) is given by the ideal (oi, 04, 61, 62, 63, 64). 

The intersections {WinU(^^2^^y^y3))n{Y nU(^^2^^y^y3)) and {W2nU(^^2^^y^yS))r\{Y r\U(^^2^^y^y3)) are 
compatibly split subvarieties of U(^x'^ xy,y^) ^i^d are given by the ideals (03 — '^l) ^4) 61, 62, 63, 64) 
and (01,02,04,61,62,63,64). 

Now, C/^^2^j^ j^3^ n y is the open patch of Y given by {wq = 1}. Notice that, on this patch, 
wi = —02 and W2 = 03. Thus, Wir\Y is the subvariety of y = Proj(fc[t(;o, wi, 1^2]) given by 
{wqW2 — wi} and W2 n y is given by {wi = 0}. This completes the proof that all subvarieties listed 
in the statement of the proposition are compatibly split. 

As in the 3-point situation, we can use Figure 1^ and Lemma [2.3.9 to conclude that any com- 



patibly split subvariety of Hilb (A|) which is contained in Hilbg(A|,) and which does not appear in 



the list given in the statement of Proposition 2.2.5 must be a subvariety of y = Vroi{k[wQ, wi,W2]) 



Because {wi{woW2 — wf) = 0} is an anticanonical divisor which determines a splitting of P^, we 
may apply I1KM09[ Proposition 2.1] to see that all compatibly split subvarieties of P| are contained 
inside of {wi {woW2 — wl) = 0}. As all -invariant subvarieties of {'Wi{'WoW2 —wf) = 0} are T^-fixed 
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points already appearing in the list given in the statement of the proposition, there do not exist any 
compatibly split subvarieties of Hilb^(A|) which are both contained in Hilbo(A|) and which do not 
appear in the list given in the statement of Proposition |2.2.5[ □ 



The stratification of Hilb (A|) by all compatibly split subvarieties is drawn in Figure 2.9 (See 
the last page of this subsection.) Most of the stratum representative pictures are of the form "stra- 
tum representative picture from the n = 3 case with a point added on one of the two axes or in 
A| \ {xy = 0}". So, it remains to explain the pictures representing those compatibly split sub- 
varieties Y C HilbQ(A^). The stratum representative second from the left (respectively second 
from the right) in the line containing the dimension- 1 compatibly split subvarieties represents the 



and □ (resp. and i^rn). The vertical line (resp. horizon- 



bone of the edge connecting 

tal line) in the picture is to indicate that |^(0,0) = and 0(0,0) = (resp. f^(0,0) = 
and §^(0,0) = 0) for all / in any colength-4 ideal I € Y. Next, let Y = Pro}{k[wo,wi,W2]) 



be the subvariety from item 3. of Proposition 2.2.5 Each I e Y D ?7(a;2,a;j/,y3) has the form 
{y'^,xy'^,xy — Xiy'^,x'^ — A2y^). Each such point is the limit, under dilation toward the origin, 
of an element of the form {x, y) D {x — a, y) D {x , y — b) D {x — c, y — d), a, b,c,d e k*. That is, 

3 ^„ 2 ^„ , „2 2 c(a — c) 



lim((x,y) n{x- at,y) n{x,y - bt) n{x -ct,y - dt)) = {y ,xy ,xy + - — -y ,x /. 
t^o b — a d[b — d) 

This explains the stratum representative picture appearing in the center of the line with the 2- 
dimensional compatibly split subvarieties of Hilb^(A|,). Let Yi = {wi = 0} and Y2 = {wf — woW2}- 
Elements of Yi n U(^^2^^y^y3-^ have the form {y^,xy,x^ — Ay^) and elements of Y2 n 11(^^2 ^^y^y-i-^ have 
the form (y'^, xy — Ay^, — A^y^). Notice that 

lim((x - at, y)n{x- bt, y) n{x,y- ct) n{x,y - dt)) = {y^,xy, x^ + "^y^), 
t^o ca 

and 

lirn((x, y) n {x — dt, y — cdt) D {x + dt,y + cdt) D {x — at,y — bt)) = (y'^, xy y^, 2^^)' 
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This justifies the stratum representative pictures for Yi and Y2 (see the two pictures in the middle 
of the hne containing dimension- 1 compatibly split subvarieties). Finally, for each 0-dimensional 
compatibly split subvariety we draw the standard set associated to the relevant monomial ideal. 

We now turn our attention to the n = 5 case. We note that this case uses more of the ideas 
discussed in Section 2.3. So, it may be preferable to read Section 2.3 before reading the material 
that appears in the remainder of this subsection. 



Conjecture 2.2.7. Let 



- 1 - ? 



' EEh ' n I I ' denote the moment polytopes of the 



-fixed points {x,y^), {x ,xy,y^), (x^.xy^.y^), {x"^ , xy , y^) , {x'^ , x^y,y^), {x^,xy,y^), and {x^,y) 
respectively. The compatibly split subvarieties of Hilb^(Al) which are contained inside the punctual 
Hilbert scheme, Hilbl{Al), are precisely those Y appearing in the following list. 

1. Y is the bone of the edge in the moment polyhedron ofHilb^{Al) connecting p and 

Y = {{y^, xy, ay^ + bx) \ [a, b] G P^}. 



q . That is, 



2. Y is the bone of the edge in the moment polyhedron ofHilb^{A^) connecting [\ ^ ^ ^ and 
That is,Y = {(2/2, xy, x^, ax'^ + hy) \ [a, 6] G P^}. 







3. Y = {{y^, xy^, x'^y, x^, ax"^ + bxy + cy^, dx'^ + exy + fy^) \ rank 



a b c 



the moment polytope ofYis the triangle with vertices 



and 



d e f 



= 2}. Note that 



4. Y is the bone of the edge (in the moment polytope of the subvariety described in item 3.) con- 
necting n and n , or n and n , or n and n . In the first case, Y = {{y'^ , xy"^ , x"^ , ay"^ + 

m m rrn i.^ rm 

bxy) I [a,b] G P].}. In the second case, Y = {{y^,xy'^,x'^y,x^,ax'^ -\- bxy) \ [a,b] G PjJ,}. In the 



third case, Y = {(y^, xy, x^, ay^ + bx'^) | [a, b] G P^}. 



a b c 



5. Y = {{y^, xy'^,x'^y, x'^, ay"^ + bxy + cx^,dy^ + exy + fx^) \ rank | | = 2}. Note that 

d e f^ 

and ^ 



the moment polytope ofYis the triangle with vertices 



6. Y is the bone of the edge (in the moment polytope of subvariety described in item 5.) connecting 
either a andpp^, orpp^and ^ ^ ^ ^ , orn nnd p ^ ^ ^ . In the first case, Y = {{x^, y^x,x^y,y^, ay^-\- 



64 



hxy) I [a, b] G ¥\} . In the second case, Y = {(x^, x^y, y^, ax^ + | [a, 6] G P^}. /n the third 
ccLse, Y = {(x^, xy, y^, ax^ + by'^) \ [a, b] G P].}. 

7. y is the bone of the edge in the moment polyhedron ofHilh^{K\) connecting ^ , , and ^^j^ . 
That is, Y = {(y^, xy^, x^y, x^, ay^ + bxy + cx^) | [a, 6, c] G P|}. 

S. y is any T'^-fixed point. 




ITTTT 



Figure 2.10: The moment polyhedron of Hilb^(A|), with only some interior edges, is drawn above. 
The moment polytopes of the subvarieties in items 1. through 7. of Conjecture \2.2.7 are labelled. 
Notice that all of the vertices, including the interior one, is the moment polytope of a compatibly 
split T^-fixed point. Note also that there does not exist a compatibly split subvariety of Hilb^(A|) 



having the dashed edge as its moment polytope (see Lemma[2.2.8). 



We will give a nearly complete proof that the conjecture that Conjecture 2.2.7| is true, is true. 
In particular, we will show that all subvarieties listed in Conjecture 2.2.7 are compatibly split, and 
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that the only other potential compatibly split subvariety of Hilb^(A|) is 



y = xy2, x^, ay'^ + cx^) | [a, c] G P^}. 



In addition, we'll show that Y is not compatibly split for primes 2 < p < 23 

'a 



Lemma 2.2.8. Let Y be the bone of the edge in the x-ray o/Hi/b^(A^) connecting □ and n . • Then 



Y is not compatibly split. 

Proof. We show that Y n U(^x'^^xy,y*) is not compatibly split in U(^x'^^xy,y'^) with the induced splitting. 
Using Macaulay 2, we can apply Buchberger's S-pair criterion (or code by M. Lederer implementing 
techniques in ULedlin ") to see that all elements of ^^(^2 a;y,y4^ are generated by polynomials of the 
form 





- hiy^ 


- hy' 


- hy 


— 64X 


- Cl 


xy^ 


- aiy^ 


- C2y2 


- csy 


— C4,X 


- C5 


2 

xy 


- a2y^ 




- cjy 


- CgX 


- eg 


xy 


- asy^ 


- cioy^ 


- ciiy 


- hx 


- C12 


x^ 


- a^y^ 


- ciay^ 


- cuy 


- 05X 


- Cl5 



where 

Cl = 0164 - 026164 + 026465 - 03616465 - 036264 + 03646^ - 0564 - 6165 - 6265 - 6365 + 6| 

C2 = -O2O364 + 0262 - 036465 + O363 - 036! + O464 

C3 = 2010364 — 202036164 — 202036465 + 0263 — 0265 — 036I + 03616465 — 20I6264 + 036465 — 030564- 

03626I - 036365 + 036I + 046465 

C4 = O264 + O36465 + 6| 

C5 = 010264 — 01O36465 — 0165 — 0^6164 + O26465 — 2o2o|6| — 02036264 — 02036465 — 02O564 — 02626I- 
026365 + 026^ + of 6i6| + a|6|65 + o|6i646^ + 0I626465 + alb^bl + 03046^ + 03626^ + 04646^ 

C6 = Oi — 0261 — O364 — 0365 

C7 = -2020364 - 0265 + o|6i64 + 03616^ + 0363 + 0464 
cg = 0364 + hi 

Cg = O1O364 — 0165 — O2O36164 — O2O36465 + O26165 — O36264 + 2O36465 — O3O564 — O36165 — 
036365 + 0365 + 046465 
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Clo = 0.2- a^bi - asb^ 

cii = ai — 0261 — 0265 — ^3^4 + ashb^ — 0362 

C12 = -0165 - 20203^4 + 02fel&5 + 036164 + 0^6465 + 036265 + 0464 

C13 = 2ai03 + 02 — 2020361 — 2020365 — 0364 + O36165 — O362 — 03O5 — 0461 + 0465 

ci4 = 2oi02 — 2010361 — 20261 — 3020^64 + 202036^ + 202036165 — 202036^ — 0205+ 

2036164 — 0^6^65 + 0^6162 + 036165 + O363 + 030464 + 03O561 — 046165 — 0462 + 046I 
C15 = af — 201O261 — 2010362 — 0105 — 2020364 + 026^ + 302036164 — 02O36465 + 202O36162 + 202O36165+ 
202036265 + 2020363 — 2020365 + 020464 + 020561 — 036^64 + O36465 — 036^65 — O3616265 — O36163+ 
0^62 — 036265 — 0^6365 + o|6| — 03O46164 + 03046465 + 03O562 — 046165 — 046265 — 0463 + 0465 
Now, consider 



Ml 



V 



-64 



-ci 



-C12 



, and M2 



-02 
-03 
y-04 



-C2 
-C6 
-ClO 
-Cl3 



-C3 
-C7 
-Cll 
-Ci4 



-eg 
-C12 

-Cl5/ 



Weight the variables oi, . . . , 05,61, . . . , 65 by 0, 0, 0, /3, /3 — 6, 0, 0, 0, —a, —a + 7 where a » /3 » 7 » 
6^0. Using Macaulay 2, we see that init(det(Mi)) = a^b^b^ and init(det(M2)) = —a^fs where 

there is a weighting 



Tr(/3 ^•) is the spHtting of f/(x,j/3) (see Subsection 2.3.2 ). By Proposition 



2.3.4 



of the variables >, which refines the weighting given above, such that init>(— det(Mi)det(M2)) = 
01 • • • 0561 • • • 65. Furthermore, Tr((— det(Mi)det(M2))^^^-) is the splitting of U(^x'^^xy,yi) (see Subsec- 
tion 2.3.2 for further explanation) . 

and . Y n ?7/^5 



Now, let Y be the bone of the edge connecting 
ideal / = (61, ... , 65, oi, 03, 04, 05). By Lemma 



2.3.9 



is given by the 



this is not a compatibly split ideal of U(^,j.^y3-^ x 



04,05,64,65 



with the splitting given by Tr(/f (o4640565)P"^-)- By l|Knu09b[ Theorem 2] (see Theo- 



rem 



1.2.9), / is also not a compatibly split ideal of [/^^.2^y ^,4^. 



□ 



Conjecture 2.2.9. Y = {{y^, xy'^,x'^y, x^, ay"^ + cx^) | [o, c] G P^} is not compatibly split. 



Evidence (i.e. Proof when 2 < p < 23). We now provide some evidence supporting Conjecture 2.2.9 
by showing that the open patch Y n C/(a.2^y2 j^s) is not a compatibly split subvariety of ^^^^2 
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for those primes p satisfying 2 < p < 23. 

First note that every ideal in U(^^2^^y2^y3) is generated by polynomials of the form 





- h,y^ 


- b2xy - 


ciy - 


b^x — 


C2 


2 

xy 


- aiy2 


- hxy - 


csy - 


65X - 


C4 




- a2y^ 


- asxy - 


CbV - 


CqX - 


C7 


a;2 


- a4y^ 


- a^xy - 


csy - 


cgx - 


ClO 



where 

ci = 0162 — 0362 — 0564 — 6163 + 6| + 65 

C2 = 0164 - 0364 - 0562^5 + 056364 - 6165 + 6365 

C3 = —0163 + 0,262 + 0-464 

C4 = —0165 + 0264 + 046265 - 046364 

C5 = «! — 0103 — 0261 + 0263 + 0465 

C6 = 0464 + 0565 

C7 = 010464 — 010565 + 020564 — O3O464 — O46165 + O46365 
C8 = — O1O5 + 02 — 0461 
Cg = 03 - 0462 - 0563 

ClO = «! — OlOS — 010462 + 010563 — 020562 — O261 + O263 + 030462 + 046163 — 0463. 

Thus, U(^x2^^y2^y3) = Spec(A;[oi, . . . , 05, 61, . . . , 65]). Consider the matrices 



Ml 



-64 -C2 

-65 -C4 



and M2 



^-01 -C3 -C4 ^ 

-02 -C5 -C7 

^-04 -Cg -ClO J 



Let /i = det(Mi) and let /2 = det(M2). Weight oi, 02, 03, 04, 05, 61, 62, 63, 64, 65 by 

1, 10^ 10^ - lo^ 10^, 10^ - 10^, -10, -10'^, -10^ + lo^ -lo^, -lo'^ + lo^. 



Then, init(— /1/2) = oi • • • 0561 • • • 65 and the induced splitting of C/(j.2 ,^^2 j^s) is Tr((— 71/2)^ ^•). 
Next notice that Y n U(^x2^xy2 y3^ is given by the ideal / = (01,02,03,05,61,62,63,64,65). We 
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will show, for small primes p, that (— /i/2)^ ^ has the term 0(010203)^ ^c?}^ ^"^ {bib2bzh^h^Y ^ for 
some non-zero constant c G /c*. It will then follow that / is not compatibly split (for these p) since 



(p+l)/2 «-l 



af-^ e / but Tr((-/i/2rnar')/'ar')) ^ I- That is, Tr{{-hhY-\ar'»'al')) = 
c'a^ + R for some c' G A;* and some polynomial R containing no linear terms in 04. 

We now show, for 2 < p < 23, that (-/i^)^"^ has the term c(aia2a3)^"^af ^~^^^^feif'2^3&4fc5)^"^ 
for some c G k*. To begin, re-weight the variables oi, 02, 03, 04, as, 61, 62, ^3, &4, &5 by —10^, —10^, 0, 
0, -10^, 0, 0, 0, -10^, -10^ and note that if the desired term shows up in (init(-/i/2))P~^ then it 
shows up in (— /i/2)^^^ with the same coefficient. 

Using Macaulay 2, we can see that, with respect to the given weighting. 



init(/i) = -046364 + 04626465 + 036465 + 6165 - 636; 



'5> 



and 



init(/2) = (of 03 + 010261 + 0262 - 2oi0263)(o4)(o362 + 6163 - 63) 



Using Sage with the FLINT library, we can check that for 2 < p < 23, the desired term appears in 
{p — 1)** power of init(/i)init(/2) with coefficient 1 (mod p). □ 



Lemma 2.2.10. The bones of the various subpolytopes mentioned Conjecture 2.2.7 are as stated in 



Conjecture 2.2.7 In addition, 



Yi := { 



{y ,xy ,x y,x ,ax + bxy + cy ,dx + exy + fy' 



3 j„2 



rank 



a b c 



d e /, 



is the unique T'^-invariant subvariety of HilbQ^Al) whose moment polytope is the triangle with vertices 
and □ . Similarly, 



Y2 := <^ 



[y ,xy ,x y,x ,ay + bxy + cx ,dy + exy + fx' 



3 j„.2 



rank 



a b c 



d e /, 



is the unique T^-invariant subvariety whose moment polytope is the triangle with vertices a , 
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and g_ 



□I 



Proof. Most of the arguments are nearly identical to ones seen previously. So we just show that Yi 
is the unique subvariety whose moment polytope is the triangle with vertices i ) > ^^'^ • ^'^ 
do so we apply a theorem of Bialynicki-Birula (see [|BB73[ Section 4]). 

First note that the bone of the edge connecting i and is isomorphic to Fj.. Indeed, on the 

open patch 11(^^2 ^^y^yi^, the set of ideals pointwise fixed by the subtorus = {{t^^t^) \ t G Gm} is 
{{y^^xy^x^ — Xy^) | A G fc}. On the open set C/^^s^y j^a^, the set of ideals pointwise fixed by is 
{(y^, xy, — ^ux^) \ fi £ k}. Thus, {{y^, xy, ax^ + | [a, b] G P^} as desired. 

Now, consider the point w = {y^,xy,x'^ — y^). This is a general point of {{y^,xy,ax'^ + 
by^) I [a,b] G P^} (i.e. it isn't one of the -fixed points). Recall that Ui^x'^^xy,yi) is isomorphic 
to A:[ai, . . . , as, . . . , 65] (as explained in the proof of the previous lemma). The Zariski cotan- 
gent space m.w/m^ of Hilbg(A|) at w is 4-dimensional with generators 02, 03, 04 — 1, 64 (mod m^). 
These generators are T^-weight vectors with weights (-1, 1) • (3,2) = -1, (-1,2) • (3,2) = 1, 0, 
and (1,-4) • (3,2) = -5. Thus, the dual vectors in r^(Hilbo(A^)) have weights 1,-1,0, and 5. 
As there is 1 negative weight, and 1 zero weight, the locally closed Bialynicki-Birula (B-B) stra- 
trum (in the B-B decomposition of Hilbo(A|)) with B-B sink {{y'^,xy,ax^ + by'^) \ [a, 6] G P^} is 
(1 + 1) -dimensional. 

Since Yi is a 2-dimensional irreducible subvariety with fixed points whose moment polytopes 



are the vertices 



triangle with vertices 



and □ , Yi must be the unique subvariety whose moment polytope is the 



and □ . □ 



We now prove that Conjecture 2.2.7 is true under the assumption that the subvariety 



y = {(y^xy^x2y,x^ay2 + cx2) | [a,c] G P^} 



discussed in Conjecture 2.2.9 is not compatibly split 
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Proof of Conjecture \2.2.7\assuming Conjecture |2.2. 9| To begin, let 



Y = {{y ,xy ,x y,x ,ax + bxy + cy ,dx + exy + fy ) \ rank 



a b c 



d e f ^ 



2}. 



> H-i ' 



and □ .) We will 



(Recall that the moment polytope of Y is the triangle with vertices 
show that Y is compatibly split by showing that it is a component of the intersection of two known 
compatibly split subvarieties. 

Let Zi = {(x, y^)} C Hilb^(A|) and let Wi be the closure of the image of 

hfi,i,Zi ■ Hilb^ (punctured x-axis) x Hilb^(A^ \ {xy = 0}) x Zi ^ Hilb^(A|) 



where ii,o,i,Zi is as in Proposition |2.1.1 Then Wi is compatibly split and Wi contains the point 

/ = {x, y^) D {x — b'^,y — b) D {x — b, y), b G k*. With respect to the GRevLex term order, / has a 
Grobner basis {x^ + (—6 + l)xy — bx, y^ — xy, xy'^ — bxy}. Thus, Wi contains 



/' = Mmb^Ql = {x? + xy, y^ - xy, xy"^ 



Notice that /' e y and that /' is not fixed by any subtorus of T^. Because, Wi is closed and 
T^-invariant, Wi contains the T^-orbit closure of Thus, Wi contains the toric variety Y. 

( 

'I u c \ 

2} and let W2 



Let Z2 = {{y^ , xy"^ , x'^y , x^ , ax'^ + bxy + cy"^ , dx'^ + exy + fy"^) \ rank 
be the closure of the image of 



a b c 
d e /, 



^0,1,0,^2 '■ Hilb^ (punctured y-axis) x Z2 — > Hilb^(A|) 



where io,i,o,Z2 is as in Proposition 2.1.1 Then W2 is compatibly split and W2 contains the point 

/ = (y^, xy^, — by'^,xy — by"^) r\{x,y — b). With respect to the GRevLex term order, / has a Grobner 
basis {x^ — xy, y'^ + xy — by'^, xy'^)}. Thus, 



/' = limft^o-f = {x'^ - xy, y^ + xy, xy"^). 
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By the same reasoning as above, y is a subvariety of W2. It follows that y is a component of 
the intersection Wi D W2 and thus Y is compatibly split. Similarly, the unique subvariety whose 
moment polytope is the triangle with vertices , , and p ^ ^ ^ is compatibly split. 

Each remaining subvariety listed in the statement of the conjecture is the bone of an exterior 



face of the moment polytope of a compatibly split subvariety. (See Figure 2.10 ) Thus, each 



remaining subvariety listed in the statement of the conjecture is compatibly split. 



By Lemma 2.3.9 Lemma 2.2.8 and an argument (using the moment polyhedron of Hilb (A|)) 



which is similar to the argument given in each of the n = 3 and n = 4 cases, any additional 
compatibly split subvarieties of Hilbo(A^) must be contained inside of 

x^y, x^ ay^ + bxy + cx^) \ [a, 6, c] E P^} 

(which is the bone of the edge connecting □_, , □ , and rn ). 



We already know that {a = 0} and {c = 0} are compatibly split subvarieties of this ¥\. Thus, 
any additional 1-dimensional compatibly split subvariety must be a T^-invariant degree- 1 curve. 
The only one left is {h = 0} and this is not compatibly split if we assume that the conjecture that 
Conjecture |2. 2. 9| is true, is correct. □ 



Remark. Notice that when n = 4, only the attractive (in the sense of Bialynicki-Birula) fixed points 
are compatibly split. However when n = 5, all fixed points (including the non- attractive one, 
(x^, xy, y^)) are compatibly split. 
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2.3 The affine patch U(^x,y^) 

In this section we consider the open affine patch Ui^^^yn^ C Hilb"(A|) with the induced Frobenius 
sphtting. In particular, we describe all compatibly split subvarieties of Ui^x,y'^) and their scheme- 
theoretic defining ideals. We find degenerations of these subvarieties to Stanley-Reisner schemes, 
explicitly describe the associated simplicial complexes, and use these complexes to prove that cer- 
tain compatibly split subvarieties of U(^x,y") are Cohen-Macaulay. 

2.3.1 A choice of coordinates 

In this subsection we describe our preferred coordinates on Ui^^^yn^ C Hilb'^(A|) and show that 
these coordinates are a natural choice with respect to the T^-action. 

Lemma 2.3.1. Every colength-n ideal in U^x,y^) is generated by a set of polynomials of the form 



fl 


■■= 


- hy^-^ 


- 62y"-' - •• 


• - K-iy 


- K 


/2 


:= xy'^~^ 


- aij/"-i 


- ci2y"-2 - •• 


■ - Cl{n-l)y 


- Cln 


/3 


.— xy"'~'^ 


- a2?/""^ 


- C22y"'~'^ - ■■ 


■ - C2{n-l)y 


- C2„ 


fn 


:= xy 


- an_iy"-^ 




■ - C{n-l){n-l)y 


- C(„_ 


fn+1 


:= X 






■ - Cn{n-l)y 





where each cij is the following polynomial in ai, . . . , a„, 6i, . . . , 

1. Ifi<j then Cij = X)fc=i^^ ak+ih+j-i- 

■2. Ifi> j then Cij = Ui-j+i - J2k=\ ak+i-j+ih- 
Thus, f/(a;,y"> = Spec A;[ai, . . . , On, 6i, • • . , bn]. 

Proof. To prove the lemma, we show that the set G = {/i, . . . , fn+i} is a Grobner basis under the 
Lex term order with a; S> y. Indeed, if G is a Grobner basis then 

init(G) = (init G) = {x, y") 
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and so (G) G Ui^x,y^)- Thus, 

SpecA:[ai, . . . , a^, 61, . . . , 6„] = {(G) | (oi, . . . , a^, 61, • . . , 6n) G A^"} C U/^^^y^). 

As U(^x,y^) is a 2n-dimensional irreducible affine variety, it follows that 

SpecA;[oi...,a„,6i,...,6„] = Ui^^^yr,). 

It remains to show that G = {/i, . . . ,/n+i} is a Grobner basis. To begin, notice that each 
^-polynomial, S{fi,fj) for fi, fj G G, can be written as follows: 

• Ifl<i<j<n + 1 then 

S{f^, /,) = y'-'fj -fi = -J2 ^j-kv'-'-'fi 

k=l 

• If i = 1 and 1 < j < n + 1 then 

S{fi, fj) = y^'^fj -xfi = Y, bj-kfj+i^k - aj^kV^-^-'^fi 

k=l k=l 

Therefore, each 5-polynomial can be written as a sum of the form J2k ^kOk where each ruk 
is a monomial, each gk G G, and the initial terms of the summands are strictly decreasing (i.e. 
init(migj) > mit{mjgj) when i < j). Thus, each S'-polynomial reduces to upon division by G and 
so G is a Grobner basis. □ 

Remark. Recall that xn(^x,y'^)/''^fx y^)' Zariski cotangent space of U(^x,y'^) the T^-fixed point 
(x, y"), is generated by oi, . . . , a„, 61, . . . , 6„ where each (mod m? „>) is a T^-weight vector with 
weight (— 1, i — 1) and each 6, (mod m? , „\) is a T^-weight vector with weight (0, —i) (see flHaigSP . 
Thus, the coordinates ai, . . . , a„, 61, . . . , 6„ on Ui^x,y^) yield generators of the -weight spaces of 
the tangent space of Hilb"(A|) at In this way, we see that our preferred coordinates are 



natural from the perspective of the torus action. See Figure 2.11 for a pictorial representation of 
oi, . . . , On, 61, . . . , 6„ using Haiman's arrows (see nHai98|| "). 
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6i b2 b, 




Figure 2.11: Associating 01,02,... 
that the vertical strip consists of 
(x, y"). The T^-weights of 01,02, 



o-n, bi,b2, ■ . . ,bn to Haiman's arrows (see flHaigsn "). Note 
n boxes and is the standard set of the monomial ideal 

. . , o„, 61, 62, • • • , &n are (-1, 0), (-1, -1), . . . , (-1, -n + 1), 



(0,-1), (0, 



, (0, — n) as indicated by the arrows. 



Definition 2.3.2. Let M„ denote the (nxn)-matrix of coefficients (— Cjj)i<jj<n appearing in Lemma 



2.3.1 Set Cji := Oj 



Example 2.3.3. 



M2 



-Ol 



-0262 



V 



-02 -(01 - 6102) 



, Ms 



V" 



-Ol -(0262-^0363) 
-02 -(01 - 6102) 
-03 -(02 - 6103) 



Ma 



( -a\ -(0262-1-0363-1-0464) 
-02 -(01 - 6102) 



-03 
\-a4 



-(02 - 6103) 
-(03 - 6104) 



-(0263 -h 0364) 

-(0363 + 0464) 
(01 - 6102 - 6203) 



-0263 ^ 
-0363 
(01 - 6102 - 6203) j 

-02 64 
-0364 
—0464 



(02 - 6103 - 6204) -(oi - 6102 - 6203 - 63O4) j 



Notice that when 63 = 0, M2 is the upper left 2x2 submatrix of M3. Similarly, when 64 = 0, M3 is 



the upper left 3x3 submatrix of Ma,. By Lemma [2.3. 1| this nesting of matrices occurs in general. 
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We make use of it in the next subsection. 



2.3.2 The induced splitting 

Because U(^x,y"} — ^'^^ and our splitting of Hilb"(A|) is a (p - 1)"** power, the induced splitting of 
U(x.y") has the form Tr(/n~^-), for some polynomial /„ G k[ai,bi, . . . ,an, bn]- In this subsection, we 
compute /„ and show that, under an appropriate weighting, the initial term of fn is the product of 
the variables aibi ■ ■ ■ anbn- 

To begin, consider t/(x,j/2) — Spec A;[ai, 61, a2, 62]- Each closed point of U(^x,y") is an ideal I 
generated by polynomials of the form 

- hy - b2 
xy - aiy - 0262 
X - a2y - (ai - 6102) 

If Spec(A;[ai, 61, 02, 62]//) has non-trivial intersection with the x-axis, then I + (y) / (1). Thus, 
—62 = 0. Similarly, if Spec(A;[ai, 61, 02, 62]/-^) has non-trivial intersection with the y-axis, then 
7+ (x) / (1). Thus, 



-ai —02^2 

-02 -(01-6102) 



-016102 + Oi - O262 



1.2.8 



0161O262, 
i.e. [|LMP98[ Proposition 1.8], or 



Let /2 := 0161O262 — 0^62 + 026^. Because there is a weighting such that the init(/2 
Tr(/2~^-) is a splitting of A; [oi, 61, 02, 62] (see Theorem 
Theorem [LZ9l i.e. llKnu09bl Theorem 2]). 

Now, let S2 denote the anticanonical section that determines the T^-invariant splitting of Hilb^(A^ 
and let D2 := {s2 = 0}. The vanishing set of /2 is D2 n U(^x^y2y As there are no non-constant, non- 
vanishing functions on C/^^, ^^2^, it follows that Tr(/2~^-) must be the induced splitting of C/^^ ^2^. 

More generally, we have the following situation. 



Proposition 2.3.4. Let Mn he as in Definition \2.3.2\ Let fn := -bndet{Mn). 
1. The induced splitting of U(^x,y") ^ ^i^b'^i^l) '•^ given by Tr{fn^^-). 
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2. For any n > \, fn is a degree 2n polynomial such that LeXa„RevleXi,^{fn) = hnCLnfn-i- Thus, 
under the weighting 

Revlexb^ , LeXa„ Revlexb^ , LeXa^ 

init{fn) = bnttn ■ ■ ■ bitti. In other words, {fn = 0} is a residual normal crossings divisor as 
defined in l\LMP98l 

Remark. By the weighting Revlex;,^ , LeXa„ , . . . , Revlex^^ , LeXa^ we mean the following: Let m,n e 
k[ai,bi, . . . ,an, bn] be monomials. We first compare m and n using Revlexf,,^. If they are indistin- 
guishable then we compare m and n using LeXa,^. If m and n are still indistinguishable, we compare 
them using Revlexb,^ j, and so on. 

Put differently, Revlext^, LeXa„, . . . , Revlex;,^, Lex^^ is equivalent to a weighting of the vari- 
ables where variables ai, . . . , a„ are weighted by Ai, . . . , An, variables bi, . . . ,bn are weighted by 
Bi,...,Bn and 

-Bn > ^„ > -Bn-l > An-l » • • • » -Bi » » 0. 



Proof of Proposition \2.3.4 The proof is nearly identical to the n = 2 case explained above. 



Let / G Ui^x,y-^)- If Spec(A;[3;, y\/I) has non-trivial intersection with the x-axis then I + {y) ^ (1) 
and so — 6„ = 0. If Spec(A;[x, y]//) has non-trivial intersection with the y-axis then / + (x) / (1) 
and so the polynomials 

- aiy" - ci2y" ^ _ ... _ ci(„_i)y - cin 

- a2y'^'^ - C22y""^ - ••• - C2(„_i)2/ - C2n 

n— 1 n— 2 

- a„,_iy - C[n-i)2y - ■■■ - C(„_i)(„_i)y - C(„_i)„ 

must have a common solution. Thus, det(M„) = 0. 

Let /„ := — 6„det(M„). We now show that there is a weighting such that the initial term of /„ 
is the product of the variables a\h\ - • • anhn- This will prove that Tr(/n~^-) is a splitting of U(^x,y^)- 



By Lemma 2.3.1 if we compute det(M„) using cofactors along the last column and group 
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together terms involving 6„, we have 



det(M„) = Cnndet{Mn-l) + bnR 

where i? is a polynomial in ai, . . . , a„, 61, . . . , 6„. Notice that 5„ does not appear anywhere in the 
pol3momial c„„det(M„_i) and that a„ does not appear anywhere in det(A£„_i). Thus, 

Lex„„Revlex;,„(det(M„)) = LeXa„(cn„det(M„_i)) = a„6„_idet(M„_i) = -a„/„_i 

and so LeXa^RevleXft^(/„) = 6„a„/„_i. Therefore init(/„) = &„a„---6iai, with respect to the 
weighting 

Revlexfc^ , Lex^,, , . . . , Revlex^^ , Lex^^ . 

Let Sn denote the anticanonical section that determines the T^-invariant splitting of Hilb"(A|) 
and let D„ := {sn = 0}. By construction, /„ vanishes along Dn H Ui^^^yny As there are no non- 
constant, non-vanishing functions on Tr(/^^-) must be the induced splitting of U(^x,y")- 

Finally, notice that deg(det(Mn)) < 2n — 1 (since the first column of M„ consists of linear entries 
and the rest of M„ has quadratic entries). Therefore, deg(/„) < 2n. Because aibi ■ ■ ■ anbn is a term 
of /„, deg(/„) = 2n. □ 

Remark. In the proof, we use that init(/„) = ai6i . . . a„6„ in order to prove that Tr(/^~^-) is the 
induced splitting of Ui^^^yny Though this isn't necessary, it is a convenient replacement for showing 
both (i) that /„ does not vanish an3where other than {s„ = 0}, and (ii) that Tr(/^^^1) = 1, rather 
than some other constant c G A;. 

2.3.3 The compatibly split subvarieties of U{^^^yn) 

In this subsection, we describe all compatibly split subvarieties of U(^x,y^)- By I1BK051 Lemma 1.1.7], 
it suffices to find all compatibly split subvarieties of Hilb"(A|) that have non-trivial intersection 

with C/(^,yn). 

To begin, we introduce some notation which will be used to label the compatibly split subvari- 
eties of Hilb'^(A|) that have non-trivial intersection with Ui^^^yny 
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Figure 2.12: Intersecting the compatibly split subvarieties of Hilb^(A^) with U(^x^y2y The subvari- 
eties with stratum representatives appearing to the left of the curve have non-trivial intersection 

with C/(x,yn). 

Definition 2.3.5. Consider the following two types of 4-tuples: (s, u, t, +0) and (s, u, t, +1), s,u,t e 
Z>o. Label Y C Hilb"(A|) by (s, u, t, +0) or by (s, u, t, +1) if Y is the closure, in Hilb"(A|), of the 
image of the map 

is,t,w ■■ Hilb'(y-axis \ {(0, 0)}) x Hilb*(A| \ {xy = 0}) x W ^ Hilb"(A|) 

(/i,/2,/3) ^hnhnh 

for some W C Hilb"(A^) of the following form: 
1. Suppose the last index of the 4- tuple is +0. 
(a) If « = then W is empty. 
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(b) If u > 1 then W is the 0-dimensional subscheme consisting of the T^-fixed point {x, y") e 
Hilb'^(A^). 

2. Suppose the last index of the 4- tuple is +1. 

(a) If u = then W = Hilb^(x-axis \ {(0,0)}). 

(b) If u > 2 then W is the subvariety of Hilbo(A^) that is pointwise fixed by the subtorus 

= {(t"-i,t) \t £ Grri}- That is, W is the bone (see Definition [l .3. 7|) of the exterior 



edge of the moment polyhedron of Hilb"(A|) connecting the moment polytope of {x, y") 
to the moment polytope of {x^,xy, y"^^). Working on the two open patches U/^^^yu^ and 

WC See that W = ¥\. 

We do not associate any subvariety to the 4-tuple (s, 1, t, +1). 
Remarks. 1. The last entry of the 4-tuple is +0 when dim(M^) = and is +1 when dim(14/^) = 1. 



See Figure 2.13 for a picture of a stratum representative of each subvariety Y C Hilb"(A 



" A 2 ^ 
k) 



labelled by (s, n, +0) or by (s, t, +1). 

2. All subvarieties of Hilb"(A|) which are labelled by (s,ti,t, +0) or by (s,n,t,+l) are irre- 
ducible. (Proof as before.) 

3. All subvarieties of Hilb"(A|) which are labelled by (s, u, t, +0) or by (s, u, t, +1) are compati- 



bly split. (Proof: Apply Proposition 2.1.1 ) 



4. All subvarieties Hilb"(A|) which are labelled by (s, u, t, +0) or by (s, u, t, +1) have non-trivial 
intersection with U(^x,y^)- Indeed, they all contain the point (x, y"). 

Thus, if y C Hilb"(A^) is of type (s, u, t, +0) or (s, u, t, +1), then Y D U(^x,y^) is a (non-empty) 
compatibly split subvariety of U(^^^yny In fact, as the next proposition indicates, these are the only 
compatibly split subvarieties of U(^x,y")- 

Proposition 2.3.6. A subvariety Z C U(^x,y"-) compatibly split if and only if Z = Y D U(^x,y") where 



Y C H!7b"(A|) is labelled by some {s, u, t, +0) or some (s, u, t, +1) as in Definition 2.3.5 

Before proving the proposition, we consider a few lemmas. 
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{s,u 


:t, +0) 


s + t = n 


s+u+t= 



*t 



u 



• t 



Figure 2.13: Stratum representative pictures for subvarieties of Hilb'*(A^) labelled by {s,u,t,+0) 
or by (s, u, t, +1). 



Lemma 2.3.7. A closed, T"^ -invariant closed subvariety Y C MZb"(A|) has non-trivial intersection 
with Uf^x^yn^ if and only if {x, y") G Y. 

Proof. The backwards direction is clear. For the forward direction, let / G y n U(^x,y")- Consider the 
subtorus S := {{a^ , a) \ N > n,a £ Gm} C T^. Then, {x, y'^) lies in the S-orbit closure of /. As Y 
is both closed and -invariant, (x, y"^) e y. □ 

Lemma 2.3.8. Let 1 < i < n — 2 and let Yi C U(^x,y") be the subvariety defined by the ideal con- 
taining all of the variables except for a^+i. That is, J{Yi) = {ai, . . . ,ai, ai+2, ■ ■ ■ ,an, bi, - ■ ■ ,bn) Q 
k[ai, . . . ,an,bi, . . . , bn]- Then Yi is not compatibly split. 

Proof Let X be the subvariety of Hilb''(A^) labelled by (0, n - 1, 1, +0). Let X° denote the image 
of 

Hilbi(A| \ {xy = 0}) X ^ Hilb"+i(A2). 

Then X° is open in X and any / G X" has the form / = {x, D {x — a,y — b), a,b G k*. That is, 
I is generated by the following polynomials: 



y ,---,xy 



n-l-i "'„.n-l 



, . . . , X 



Thus the ideal defining X, J{X) C k[ai, . . . , a„, 6i, . . . , bn], is given by 

J{X) = (62, . . . , bn,bia2 - ai, bias - 02, ... , 6ia„ - On-i). 



l,n-l 



,n-l 
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Using Macaulay 2, we can compute that J{X) has Grobner basis 



{62, . . . , fen} Uj^iOj — Oj-i I 2 < j < n}U {ajOfc — aj_|_iafc_i |l<j<n — 2, 3<A;<n, j + l</c — 1} 

with respect to the weighting Revlex;,^ , LeXa^ , • " " > Revlexf,^ , LeXa^ . Therefore, 

init(J(X)) = (fe2, . . . ,fe„,6ia2, . . . ,6ia„, {ajCk \1 < j <n-2, 3 <k <n,j < k}). 

Now let i^, 1 < i < n — 2, be as in the statement of the proposition. Then Yi <^ X. (In particular, 
feiaj+2 — £ J{X) is not an element of J(li).) However, init(y'j) C init(X). By a theorem of 



Knutson (see Theorem 1.2.10), Yi is not compatibly split. □ 



Lemma 2.3.9. Let Y C MZb"(A|) be a compatibly split subvariety that has non-trivial intersection 
with U(^x,y-^)- V ^ contained inside the punctual Hilbert scheme HiZbg (A^), then Y is either the 0- 
dimensional subvariety { (x, y") } or the 1-dimensional subvariety that is pointwise fixed by the subtorus 
= t) I t e Gm}- In other words, Y can be labelled by (0, n, 0, +0) or (0, n, 0, +1). 

Proof. When n < 2, the result holds trivially. So, assume that re > 3. 

Y is projective because y is a closed subvariety of the punctual Hilbert scheme Hilbg (A^). Thus, 



Y's moment polyhedron is a (compact) polytope, P. By Lemma 2.3.7 P contains a vertex v which 
is the moment polytope of the -fixed point {x, y"). Since v is external in the moment polyhedron 
of Hilb"(A^), V is an external vertex of P. 

Recall that an edge in the x-ray of the punctual Hilbert scheme HilbQ(A^) which is connected to 
V must be in one of the following directions: 

(l,-l),(l,-2),...,(l,-(re-l)) 

(since these are the weights of the T^-action on the tangent space T^^. yn^Hilbg (A|)). Thus, any 
exterior edge of P which is connected to v must also be in one of these directions. Suppose that 
Yi C Hilb"(A|) is the preimage of the edge in the direction (1, —i), 1 < i < re — 2. Then, Yi is 



pointwise fixed by the subtorus = {{a\ a) \ a £ Gm}- By Lemma 2.3.1 Yi n U(^^^yn'^ is defined 
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by the ideal Jj := (61, oi, ... , a^, aj+2, • • • , On)- By Lemma 2.3.8 Ji, I < i < n — 2 is not 

compatibly split. Therefore, Yi, I < i < n — 2, is not compatibly split. 

Next, recall that a subvariety which is the bone of any exterior face of P is compatibly split (by 



Proposition 1.3.9 ). Therefore, by the above argument, the edges connected to v in the directions of 
(1, —1), (1, —2), . . . , (1, — (n — 2)) cannot be exterior faces of P. By compactness of P and Lemma 
2.3.7[ P is either (i) the point v or (ii) the edge attached to v in the direction (1, — (n — 1)). □ 



We are now ready to prove Proposition 2.3.6 



Proof of Proposition 2.3.6 As discussed above, if y C Hilb"(A|,) is labelled by {s,u,t,+0) or by 
(s, u, t, +1), then YriU(^x,y") is compatibly split. It remains to prove the converse of the proposition. 

Suppose that Y C Hilb"(A^) is compatibly split and that Y n f/(x,?/") / 0- We show that Y can 
be labelled by {s, u, t, +0) or by (s, u, t, +1). 

By Proposition 2.1.1| Y must be the closure of the image of the map 



ir,s,t,z ■■ Hilb'^(x-axis \ {(0, 0)}) x Hilb'(y-axis \ {(0, 0)}) x Hilb*(A^ \ {xy = 0}) x Z ^ Hilb"(A^) 

(/i,i2,i3,i4) ^/in/2n/3n/4 

for some integers r,s,t > with r + s + t < n and some compatibly split subvariety Z C 
Hilb"^'^-'-*(A|) that is contained inside of Hilb^-^-"-*(A2). Note the following: 

1. y n j^n) / by assumption. Therefore, if Z / 0, then r = 0. If Z = 0, then r < 1. 

2. If Z / 0, then Z n C/^^^j^„-.-._t^ ^ 0. 



By Lemma 2.3.9 the only compatibly split subvarieties of Hilb"~''~*~*(A|) which are contained 
in Hilbo~''^*^*(A|) and have non-empty intersection with Ui^^^yn-r-s-f^ are those be labelled by 
(0, n — r — s — t, 0, +0) or (0, n — r — s — 0, +1). This, along with 1. and 2., above gives the desired 
result. □ 

Corollary 2.3.10. The stratification of f/^x,j/") by all of its compatibly split subvarieties has the shape 
of a square. That is, there are d + 1 strata of dimension d when d < n and (2n — d) + 1 strata of 
dimension d when d > n. 
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Proof. The dimension of the subvariety labelled by (s, li, +0) (wheres+u+t = n) iss + 2tandthe 
dimension of a subvariety labelled by (s, u,t,+l) (where s + u + t = n if u>2 and s + u + t + 1 = n 
if u = 0) is s + 2t + 1. So, when d < n, there is exactly one compatibly split subvariety of dimension 
d for each value of s, < s < d. This yields d + 1 compatibly split subvarieties of dimension d. 
When d > n, there is exactly one compatibly split subvariety for each value of s, < s < 2n — d. 
This yields (2n — d) + 1 compatibly split subvarieties of dimension d. □ 



2.3.4 A Grobner degeneration of the compatibly split strata 

We begin with the n = 2 case. Recall that the induced splitting of C^(x,y2) is Tr(/2~^-) where /2 = 
aibia2b2 — a\h2 + a^h^ and that, under an appropriate weighting, init(/2) = 01610262- It follows by a 
theorem of Knutson (see Theorem|1.2.9|or the original source HKnuOgbfl ") that every compatibly split 



ideal of /c [oi , 61 , 02 , 62] Grobner degenerates to a squarefree monomial ideal. This is shown explicitly 



in Figure 2.14 The leading terms with respect to the weighting Revlex^j , LeXa2 , Revlexj,^ , Lex^^ are 
underlined. 



(010261 - a? + 02^2) 



(01,02) 




{ a-ihi — oi, &2) 



Figure 2.14: Compatibly split ideals of [oi , 61 , 02 , 62] with leading terms underlined. 
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Let /„ be as in Proposition |2.3.4| and fix the weighting 



Revlexft^ , Lex^^ , . . . , Revlexfe^ , Lex^^ . 



By Proposition 2.3.4 Tr(/^~^-) is the induced splitting of Ui^^^yn^ = Spec(A;[ai, 61, . . . , On, hn])- Fur- 
thermore, /„ is a polynomial of degree 2n with the property that init(/„) = aihi ■ ■ ■ anbn- It follows 
by Knutson's theorem that each compatibly split subvariety of Ui^^^yn-^ Grobner degenerates to a 
Stanley-Reisner scheme. In this subsection, we explicitly describe these degenerations. In addition, 
we find the defining ideal Jy ^ k[ai, 61, . . . , o„, 6„] of each compatibly split Y C U(^x,y-^)- 

Remark. Let Y' C Hilb"(A|) be compatibly split and labelled by (s, n, t, +1), for z = or 1. In the 
remainder of this subsection, we abuse notation: If y = y n Ui^^^yn-^ then write Y = (s, u, t, +0). 

Proposition 2.3.11. Let Y C Ui^r^^yn^ he compatibly split. The scheme-theoretic defining ideal Jy is 
given by the following information. 

1. If Y = {0,0,n - then Jy = {bn). 

2. IfY = (s,0,n-s,+0), then Jy = (((n-s + 1) x {n - s + l))-minors of M^) . 

3. If s > 1 and Y = {s,0,n — s — 1, +1), then Jy = {hn, {{n — s) x {n — s))-minors of Mn~i). 

4. Ifu>l and Y = {s,U,n - S - U,+0), then Jy = {bn, • . . , bn-u+l, {Mn)n,n, {Mn)n,n-u+l, 

((n — s — u + 1) X {n — s — u + l))-minors of Mn). 

5. Ifu>2 and Y = {s,u,n - s - u, +1), then Jy = . . (M„)„,„, . . . , {Mn)n,n-u+2, 
((n — s — u + 1) X {n — s — u + l))-minors of Mn-i). 

Consider U(^^^yn~i) x A^^^ x A^^ with the splitting Tr(/^l|fo?^^^a^^^-). Then, LeXa„Revlexi)^(Y) is a 
compatibly split subvariety of U (^x,y^~^) '^^a^- Furthermore, the initial schemes LeXa„RevleXb,^{Y) 
are described with the following information: 

1. IfY Q {bn = 0} then RevleXb„{Y) = Y x Ob„. (Note: Y<Z{bn = 0}ifY = {s,u,n-s- u, +0), 
u>l,orY = {s,u,n — s — u, +1), u>2orifY = {s,0,n — s — l, +1).) 

2. Revlexb^ (0, 0, n, +0) = (0, 0, n - 1, +1) x A^^. 
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3. Revlexh„{s,0,n- s, +0) = [(s,0,n - s - 1,+1) U (s - 1, l,n - s,+0)] x Al^,for 1 < s < n. 

4. Revlexb„ (n, 0, 0, +0) = (n - 1, 1, 0, +0) x . 



5. Lexa„ 

6. Lexa„ 
for s 

7. Lexa„ 

8. Lexa„ 



< 



s,0,n - s - I, +1) = (s, 0, n - s - 1, +0) x Ob„ x A^^^. 

s,l,n-s-l,+0) = ((s,0,n-s-l,+0) xO,,„ x0aJU((s,0,n-s-2,+l)x0fe„ xAiJ, 
n — 1. 



s,u,n — s — u, +0) = ((s, u — l,n — s — u, +0) x 0;,„ x Oa„) U ((s, u, n — s — u — 1, +1) x 
^a„ )' for 2 <u < n and s < n — u. 

n-u,u, 0, +0) = (n - u, n - 1, 0, +0) x Ofc„ x Oa„, u > I. 



9. LeXa„ {s,u,n — s — u, +1) = {s,u — l,n — s — u, +0) x 0;,,^ x A^^^, for u>2. 
Note that the i-tuples appearing on the right hand side of the last five equations label subvarieties of 

U{x,yn-1), not Ul^x^yny 

Remark. To gain some intuition into the degenerations appearing in the proposition, recall the 



following (discussed in Subsection 1.4.2): 



Revlexfejy) = <^ 



yxOb„, ifyc{6„ = o} 

{Y n {hn = 0}) X kl^, if y ^ {bn = 0} 



Because both Y C U(^x,y") ^i^d {6„ = 0} are compatibly split, so is y n {6„ = 0}. Therefore, we 
can easily check that each Revlexf,,^ (Y) is as claimed in the proposition as we have already found 



all compatibly split subvarieties of U(^x,y") (see Proposition 2.3.6). 



To describe LeXa^Revlex5„(y) for each compatibly split Y G U(^x,y"), it remains to describe 
LeXa^(y') for each compatibly split subvariety Y' C {JJi^^^yn^ n {6„ = 0}). See Figure 2.15 to 
visualize the Lex^^ degenerations. 

The proof of the proposition makes use of the following lemma. 
Lemma 2.3.12. Let Y C = 0} be a compatibly split subvariety of Ui^^^y^y Let J{Y) denote the 



ideal associated to Y. Then, with respect to the weighting given in Proposition 2.3.4 the reduced 
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-xSpec k[a„] , 



-xO„ 



U 



xSpec fc[a„] 



• t 



-A' ^ ^ 



-xSpec k[an] , J 'W) -j 



Oa„ [J ji= xSpec fc[a„,] 



Figure 2.15: The degenerations LeXa„(y) described in Proposition 2.3.11 



Grobner basis of J{Y) consists of T'^ -homogeneous polynomials of the form 

G = {bn,gi, ■ ■ ■ ,gr,angr+i + hi,. . ..anOr+l + hi} 

where none of gi, . . . , gr+u hi, . . . ,hi have any nonzero terms which are divisible by an or bn and none 
of gi, . . . , gr have any constant terms. Furthermore, if a„ ^ J{Y), then none of gr+i, ■ ■ ■ , gr+i have 
any constant terms. 

Proof. Let G = {gi, . . . , q,-} be the reduced Grobner basis for J{Y). Because Y is T^-invariant, we 
may assume that each qi is -homogeneous. Because Y C {6„ = 0}, we may assume that qi = bn 
and that each gj, for i > 1, has no terms involving 



By the nature of the weighting in Proposition 2.3.4 init(gj) must be one of the terms of 
LeXa^(gj). Suppose that init(gj) = a^m for some monomial m. By Theorem 1.2.9 (i.e. [lKnu09bl 
Theorem 2]), s = or 1 (since init(/) is a squarefree monomial ideal and G is a reduced Grobner 
basis). Thus, 

G = {bn,gi, ■ ■ ■ ,gr,angr+l + hi, . . . ,angr+l + hi} 

where none of gi, . . . , gr+i, hi, . . . ,hi have any nonzero terms which are divisible by a„ or 6„. 

Next, consider the subtorus = {{t,t^) \ t G Gm} for e > very small. Then, (tjf^) ■ Oj = 
^-i+eii-i)^.^ and (t, t^) • bi = t~^^bi. Since each qi is T^-homogenous, every monomial in qi has a 
strictly negative weight. Thus, no term of qi is constant. 

Now suppose that an ^ J{Y). We show that none of gr+i, . . . , g-r+i have any constant terms. So, 
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suppose otherwise and assume that gr+i contains a constant term. Then every term of anOr+i + 
must have T^-weight (— l,n — 1) (the -weight of a„). As no positive linear combination of the 
T^-weights of ai, . . . , a„_i, 5i, . . . , 5^ is (— 1, n — 1), it follows that anQr+i + hi = an, a contradiction 
since a„ ^ J{y)- □ 

We now prove the proposition. 



Proof of Proposition 2.3.11 We proceed by induction on n. The n = 1 case is trivial. The n = 2 



case has been covered earlier The outline of the proof is as follows: 

1. Let J{Y) C k[ai,bi, . . . ,an,bn] denote the ideal defining Y C C/^^. ^n^, and let Jy denote the 
ideal of Y as claimed in the proposition. We show that Jy C J{Y) for each compatibly split 



Y CU, 



{x,y")- 



2. Let Y C {bn = 0} be a compatibly split subvariety of U(^x,y^) and let Y" denote the initial 
scheme LeXa^(y) as claimed in the proposition. Because Y" C [/^^ j^„_i^ x A^^ x A^^, we know 
J{Y") by induction. We show that J(Y") = LeXaJJy) = LeXa„(J(y)). Because Jy C J(y) 



(by 1.), it follows that Jy = J{Y) (see Lemma 1.4.9). 



3. Let Y ^ {bn = 0} be a compatibly split subvariety of U(^x,y^) and let Y" denote Revlexfe,^(y) 
as claimed in the proposition. By 2., we know J(Y"). We show that J{Y") = Revlex^^ Jy = 
Revlexb„ J(y). Because Jy C J(y) (by 1.), it follows that Jy = J{Y). 

We begin by showing that Jy C J{Y) for each compatibly split Y C Ui^^^yny Recall that each 
/ G Ui^x,y^) is an ideal generated by polynomials 



xy 



n-l 



xy 



n-2 



n-l 



aiy 



n-l 



«2y 



n-l 



n-2 



- ci2y 



C22y 



n-2 



bn-lV 

Cl(n-l)y 

C2(n-l)y 



- bn 

- Cln 

- C2n 



xy 

X 



CLn-iy 

any""-^ 



n-l 



C(n-l)2y 

„ „,n— 2 
Cn2y 



n-2 



C{n-l){n-l)y - C{n-l)r 
Cn(n— 1)?/ ~ ^nn 
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where each Cy is a polynomial in ai, . . . , a^, 61, . . . , 6„ (described in Lemma 2.3.1 1. Let M„ be the 
n X n matrix where {Mn)i,j = —Cij, i / 1, and {Mn)i,i = —ai. 

Suppose Y = (0, 0, n — 1, +1): For each I gY, Spec y]/I has non-trivial intersection with the 
X-axis. Thus, I + (y) ^ (1) and so 6„ = 0. Thus, Jy := (bn) ^ J{Y). 

Suppose Y = (s, 0, n — s, +0), s > 1: Let U/^^.y^) \ ^ denote the open set where all of the n points 
are in distinct locations. For each / G y n {Ui^x,y^) \ Spec y]// intersects the y-axis in 
s distinct locations. Let pi, . . . ,ps denote the y-coordinates of these locations. Then, the set of 
equations 

- aiy""i - ci2y""^ - • • • - c^n-i)y - cin =0 

- 022/""^ - C22y"~^ - • • • - C2(„_i)y - C2n =0 

- On-iy'^"^ - c(„_i)2y""^ - ••• - c(„_i)(„_i)y - C(„_i)„ = 

- a„y""^ - c„2?/""^ - • • • - c„(„_i)y - Cnn =0 

has (at least) s solutions, . • • 1), • • • , • • • ^Ps, !)• Therefore, rank(M„) < 

n — s and so the ((n — s + l)x(n — s + l))-minors of M„ vanish. Thus, Jy ■= {{{n — s + 1) x (n — 
s + l))-minors of M„) C J(Y). 

Suppose Y = (s, 0, n - s - 1, +1): Then Y C (0, 0, n - 1, +1) and Y C (s,0,n - s, +0). Thus, 
{bn, ((n - s + 1) X (n - s + l))-minors of M„) C J(y). 

Since 6„ = on y, Cj„ = for 1 < i < n — 1 and —Cij = {Mn-i)ij for 1 < i,j < n — 1 



(see Lemma 2.3.1). Consider the non-empty open set {I G y | / + {x,y) = {!)}. Because each 
dn vanishes, c„„ cannot vanish. Furthermore, since the ((n — s + l)x(n — s + l))-minors of M„ 
vanish and c„„ does not, the ((n — s) x (n — s))-minors of M„_i must all vanish. So, Jy := 
{bn, ((n — s) X (n — s))-minors of M„_i) C J(Y). 

Suppose Y = (s, u, n — s — u, +0), u > 1: Then Y C {s + u,0,n — s — u, +0) and so the ((n — 
s — u + 1) X {n — s — u + l))-minors of Af„ are in J{Y). Now let I e Y. By construction, 
/ C Thus, for all f e I, we have ^{{0,0)) = for < i < u - 1. It follows that 

bn, ■ ■ ■ , bn—u+1 , {Mn)n,n, • • • , (M„) 

n,n—u+l must all be 0. Thus, Jy : — {bn, • • • , bn—u+l, {Mn)n,n, ■ ■ ■ , 
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{Mn)n,n-u+i, {{n - s - u + 1) X {n - s - u + l))-minors of M„) C J(F). 

Suppose Y = (s, u, n - s - u, +1), u > 2: Then Y C {s + u - l,0,n - s - u + and Y C 

{s,U-l,n-S-U+l, +0). So, {bn,... 6n-u+2, (Mn)„,„, . . . , {Mn)n,n-u+2, {{n- S - U+ 1) X {n - S - 

u + l))-minors of M„_i) C J{Y). Furthermore, because each / C F is the ideal of a configuration 
of points where at least u are supported at the origin, bn, ■ ■ ■ , bn-u+i must all be 0. Thus, Jy := 
{bn, bn-u+1, {Mn)n,n, {Mn)n,n-u+2, (n-s-u+l) X {n- s-u+1) -minors of Mn-l) Q JiY). 

Therefore, Jy C J{Y) for each compatibly split Y C U(^x,y^}- This completes step 1. in the outline 
of the proof 

Next, suppose that Y C {bn = 0}. Let Y" denote LeXa„(y) as claimed in the statement of the 
proposition. By induction, we know J{Y"). We now show that J{Y") = Lexa^Jy = Lexa„ J(y). 

Suppose Y = (0,0,n- 1,+1): Then Jy = {bn) and Y" = (0,0, n - l,+0) x Ofe„ x A^^. So, 
J(y") = {bn) = hexa^jy C Lex„„J(y) and thus, Lex„„(F) C Y". Since (i) Lex„„(y) is non- 
empty, (ii) dim(y) = dim(y"), and (iii) Y" is irreducible, it follows that Lexa„(y) = Y". Thus, 
J(y") = Lex„„ Jy = Lex„„ J(y). 

Suppose Y = (s, 0, n — s — 1, +1), s > 1: Then, Jy = {bn, ((n — s)x{n — s))-minors of M„_i) and 
Y" = (s,0,n-s-l,+0)xOb„xA^^. By induction, J{Y") = ((n-s) x (n-s))-minors of M„_i). 
So, since no a„ appears in the generating set of Jy, we have J{Y") = LeXa„Jy c Lexa„ J(y). As in 
the previous case, there is equality J{Y") = LeXa^Jy = LeXa^ J(y) by the irreducibility of Y". 

Suppose Y = (s, 1, n — s — 1, +0), s < n — 1: Then Jy is the ideal {bn, (M„)n,n, ((" - s) x (n - 
s)) -minors of M„) and 

y" = ((s, 0, n - s - 1, +0) X 06„ X 0„J U {{s, 0, n - s - 2, +1) x 0^^ x J. 

When s = 0, Jy = (M„)„_„,det(M„)) = {bn, {Mn)n,n), where the second equality can be seen 
by computing det(M„) using cofactors along the last column. Thus, 

J(y") = {an, bn) n {bn, 6n-i) C LeXa„ Jy C Lex„„ J(y). 
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Now suppose that s > 1. 



LeXa^Jy 2 {bn, anbn-i, {Lexa„m I m G {((n - s) x (n - s))-minors of M„}}). 

Now, the set S := {{{n — s) x {n — s))-minors of M„} contains the set of all ((n — s) x (n — 
s))-minors of M„_i. In addition, if A denotes the southwest ((n — 1) x (n — l))-submatrix of M„, 
then S contains the set of ((n — s) x (n — s))-minors of A. To better understand some of the 
{{n — s) X {n — s))-minors of A, we consider another matrix A. 

Let Ai denote the i^^ column of A. Define A to be the ((n — 1) x (n — l))-matrix whose first 
column is Ai and whose i*'^ column is Ai + bi-iAi for 2 < i < n — 1. Then, any ((n — s) x (n — s))- 
minor of A which involves the column Ai agrees with the corresponding minor of A. Furthermore, 
if m is an ((n — s) x (n — s))-minor of A involving both the first column and the last row, then we 



may use Lemma 2.3.1 to see that m has the form 

m = anm + anbnri + r2 

where m' is an (n — 1 — s) x (n — 1 — s)-minor of M„_2, ri, r2 € A;[ai, . . . , a^, 6i, . . . , and r2 has 
no terms involving a„. Using this, we have the following: 

LeXa„Jy 5 {h 

m o-nb-n—ii {{n — s) X (n — s))-minors of Mn—i, 
{anm' I m' G {((n — 1 — s)x(n — 1 — s))-minors of M„_2}}) 
= a„, ((n — s) X (n — s))-minors of M„_i) n 

{bn, bn-i, ((n - 1 - s) X (n - 1 - s))-minors of M„_2, 
((n — s) X (n — s))-minors of M„_i) 

Let J2 denote the second ideal in the intersection above. Since both 6„_i G J2 and the ((n — 1 — 



s) X (n — 1 — s))-minors of Af„_2 are in J2, we see that (again by Lemma 2.3.1 1 we needn't include 



the ((n — s) X {n — s))-minors of Mn-i as part of the generating set of J2. Thus, 

Lexa„ Jy 5 {bn,an,{{n - s) X {n - s)) -minors of Af„_i) n 

{bn, bn-i, ((n - 1 - s) X (n - 1 - s))-minors of Mn-2) 
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and so J{Y") C Lex„„ Jy C Lex„„ J(y). Thus, Lex^jF) C Y". 



For any s > 0, let Ci = (s, 0, n - s - 1, +0) x O^^ x Oa„ and C2 = {s,0,n - s - 2, +1) x O^^ x A^^ 
denote the two components of Y". We now show that both Ci C Lex^^y and C2 Q Lex^^y, and 
thus that Y" = LeXa^ y. Because Ci and C2 and both irreducible and of the same dimension as Y, 
it suffices to find points g G Ci \ C2 and G C2 \ Ci which are also in LeXa^y. 

Let q be given by the coordinates ai = • • • = a„ = 0, 61 = 62 = • • • = bn-2 = 0, = 1, 
6„ = 0. By induction, we know the defining ideals of Ci and C2. Using these ideals, we can check 
that q e Ci\ C2. The point q corresponds to the colength-n ideal {x, y"^ — y). Thus, q ^Y . To see 
that q G LeXa^(y), we construct a curve 7(t), < t < 1, in the total family of the degeneration such 
that 7(1) = (ai(l), . . . , an(l), 6i(l), . . . , = g G y and 7(0) G Lex^^y. Define 7(t) as follows: 

7(t) = (oi(l), . . . , a„_i(l),ta„(l), 61(1), . . . ,6„(1)). 

Then 7(0) = q and q G LeXa„y as desired. Thus, Ci C LeXa,^y. 

Let q' be given by the coordinates oi = • • • = a„_i = 0, a„ = 1, and 61 = • • • = 6„ = 0. 
Then G C2 \ Ci. The point corresponds to the colength-n ideal (x — Thus, g' G y. 

Notice that this means that a„ ^ «/(^)- Therefore, by Lemma 2.3.12[ J{Y) has a Grobner basis 



of -homogeneous polynomials of the form {gi, . . . ,gr, anQr+i + /ii, . . . , a^gr+i + hi} such that 
does not appear in any of gi, . . . , (7r+«, hi, . . . ,hi, and (7r+i, . . . , (7r-+« have no constant terms. Thus, 
Lexa„ J(y) = {gi,...,gr, fflnS-r+i, • • • , cLngr+i) and we see that q' G LeXa„y. Therefore C2 C LeXa„y. 

Suppose Y = (s, u, n — s — u, +0), 2<u<n, s<n — u: Then Jy is the ideal (6„, . . . , bn-u+i, 
{Mn)n,n, ■ ■ ■ , iMn)n,n-u+i, ((n-s-u + l) X (n - s - u + l))-minors of A/„) and Y" = {{s,u-l,n- 
s-u,+0) xOb„ xOa„)U((s,u,n-s-u-l,+l) x Ob„ x A^^. 



Because bn, - ■ ■ , bn^u+i £ Jy, we may refer to Lemma 2.3.1 to see that the generating set of Jy 



may be altered by replacing {Mn)n,n, {Mn)n,n^u+2 with (M„_i)„_i,„_i, . . . , {Mn-i)n-i,n^u+i- 
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Note that a„ does not appear in any of (M„_i)„_i,„_i, . . . , {Mn-i)n-i,n-u+i- Thus, 

LeXa^Jy D {bn, ■ ■ ■ ,6„_„+l, {Mn-l)n-l,n-l, ■ ■■ , (^n-l)n-l,n-«+l, LeX^,^ (M„) 

n,n—u+l ) 

{LeXa,^m \ m e {{n — s — u + 1) X {n — s — u + l))-minors of M„}) 

= {bn, . . . , ^n-M+l) (-^n-l)n-l,n-lj ■ ■ ■ , (^n-l)n-l,n-«+l7 On&n-M) 

{LeXa^m I m G ((n — s — ti + l)x (n — s — u + l))-minors of Mn}) 

We follow the previous case and replace the {{n — s — u + 1) x {n — s — u + l))-minors of Af„ by a 
specific subset of them (utilizing the matrix A) to get 

LeXa^Jy 5 {b — l)n— 1,71— 1 ) • • • ) — l)n— 1,71— Ji+l ) Q-n^n- M) 

((n — s — M + X (n — s — M + l))-minors of M„_i, 
{a„m' I m' G ((n — n — s)x(n — n — s))-minors of Af„_2}) 

— (^71) • • • ) ^n— 71+1) — l)n— 1,71— 1 ) • • • ) — l)n— 1,71— M+l ) 

{{n — s — u + X (n — s — M + l))-minors of M„_i) n 

(^71) • • • ) bji—m (^7i-l)n-l,n-l) • • • ) (Af?! — 1 )n— l,n— n+1 ) 

{{n — u — s) X (n — n — s))-minors of Mn-2) 

Note that the final equality holds for the same reason as in the previous case: Let J2 denote 
the second ideal in the intersection above. Since both 6„_i e J2 and the ((n — u — s)x{n — u — 



s))-minors of M„_2 are in J2, we may use Lemma 2.3.1 to see that the ((n — u — s + l)x{n — u — 
s + l))-minors of M„_i are also in J2. 

Thus, J{Y") C Lex,„ Jy C Lex„„ J(y). 

To show that Y" C Lex^^y, we copy the argument from the previous case. Let Ci = {s,u — 
l,n — s — u, +0) X Ofe„ X Oa„ and C2 = {s,u,n — s — u — 1, +1) x Ob^ x A^^. Let q be given by the 
coordinates ai = • • • = a„ = 0, 61 = • • • = bn-u-i = 0, bn-u = Ij and 6„_„+i = • • • = fe„ = 0. Then 
g G Ci \ C2 and, by the same argument as in the previous case, q G LeXa^^y. Let q' be given by the 
coordinates ai = • • • = a„_i = 0, a„ = 1, and 61 = • • • 6„ = 0. Then g' G C2 \ Ci and, by the same 
argument as in the previous case, q' G LeXa^Y. 

Thus, J(y") = Lex,„ Jy = Lex,„ J(y). 
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Suppose Y = (n — u, u, 0, +0), u > 1: Then, Jy = . . . , oi, . . . , a^) and = (n — 

u,u-l, 0, +0) X 06„ X Oa„. Notice that J{Y") = Jy = LeXa^Jy C LeXa„ J(y). By the irreducibility 
of y", J(y") = Lex,„Jy = Lex,„J(y). 

Suppose Y = (s,u,n - s - u,+l),u > 2: Then, Jy = . . . ,6„_„+i, (M„)„,„, . . . , (M„)„,n_„+2, 
((n — s — n + 1) X {n — s — u + l))-minors of M„_i) and Y" = {s,u — l,n — s — u, +0) x Ot^ x A^^^. 



Because bn, ■ ■ ■ , bn-u+i G -/yj we may refer to Lemma 2.3.1 to see that the generating set of Jy may 
be altered by replacing (M„)„,„, . . . , (M„)„,„_„+2 with {Mn-i)n-i,n-i, {Mn-i)n-i,n-u+i- As a„ 
now appears nowhere in the generating set of Jy, we see that J{Y") = Jy = LeXa^Jy ^ J{Y). 
Thus, LeXa„Y C Y". Again, since (i) LeXa„(y) / 0, (ii) dim(y) = dim(y")> and (iii) Y" is 
irreducible, we get the equality Lex^^y = Y". Thus, J{Y") = LeXa^Jy = Lex^^ J(y). 

So, J{Y") = LeXa,^Jy = LeXa„J{Y) for all compatibly split Y C {bn = 0}. Furthermore, since 
Jy ^ J(Y), it follows that Jy = J{Y). 

Finally, let y be a compatibly split subvariety of U(^x,y") and let Y" denote Revlex^^y as claimed 
in the statement of the proposition. By step 2. (completed above), we know J{Y"). We now show 
that J{Y") = Revlexfc^ Jy = Revlex;,,^ J(y). As explained in the remark prior to this proof, we need 
only treat the cases where Y ^ = 0}. That is, if y C {bn} then Revlexb^y = Y and we have 
already shown that Jy = J{Y). 

So, suppose that y ^ {6„ = 0}. Then Revlex^^y = (y n {6„ = 0}) x . Because y n {6„ = 0} 



is compatibly split, we can use Proposition 2.3.6 to very that 

• Revlexb„ (0, 0, n, +0) = (0, 0, n - 1, +1) x A^^, 

• Revlexb„(s,0,n — s,+0) = [(s,0,n — s — 1,+1) U (s — 1, l,n — s,+0)] x A^^, for s > 1, and 

• Revlexfojn, 0, 0, +0) = (n- 1,1,0, +0) x Spec(A:[6„]). 

Therefore, to see that Jy = J{Y) for each Y ^ {6„ = 0}, it remains to show that J{Y") C 
Revlexb„ (Jy) C Revlex^ J J(y)). 

Suppose Y = (0, 0, n, +0): Then Y = U^^^^yny Thus, J{Y) = Jy = (0) and the result is clear. 
Suppose Y = (s, 0,n — s, +0), s > 1: Then Jy = (((n — s + l)x(n — s + l))-minors of M„) and 

Y" = [(s, 0, n - s - 1, +1) U (s - 1, 1, n - s, +0)] x A^^. 

95 



Let Ci = (s, 0, n — s — 1, +1), C2 = (s — 1, 1, n — s, +0), and let A denote the (n x (n — 1))- 
matrix with top ((n — 1) x (n — l))-submatrix equal to M„_i and bottom row equal to the southwest 
(1 X (n — l))-submatrix of M„. By Lemma 2.3.1[ it follows that 



J(Ci) = ((n — s) X (n — s))-minors of M„_i) 

J(C2) = {Mn)n,n, ((n - s + 1) X (n - s + l))-minors of A) 

Notice that 6„, appears nowhere in the ((n — s) x (n — s))-minors of M„_i, (M„)„^„, or ((n — s + 
1) X (n — s + l))-minors of A. 
Furthermore, 

Revlex;,^ Jy 5 ({(M„)„^„m | m G ((n — s) x (n — s))-minor of M„_i}, 
((n — s + l)x(n — s + l))-minors of A) 
= {{{n — s) X {n — s))-minors of M„_i) n 

{{Mn)n,n, {{n - s + I) X {n - s + l))-minors of A) 
= J{Y") 

Suppose Y = (n, 0, 0, +0): Then Jy = {m, ...,an) and Y" = (n - 1, 1, 0, +0) x A^^. Notice that 
J(y") = Jy = Revlexfe„ Jy C Revlex^^ J(y). 

In each of the above cases, RevleXb^Jy = RevleXh^J{Y) and so Jy = J{Y). This completes the 
proof. □ 

2.3.5 Some combinatorics and the geometric consequences 

Let Y C Ui^x^yn^ be a compatibly split subvariety. Recall that, with respect to the weighting given 
in Proposition 2.3.4[ init(y) is a Stanley-Reisner scheme. Let Ay denote the associated simplicial 



complex. In this subsection, we provide an explicit description of each Ay. We then use this 
description to show that for certain compatibly split Y C Ui^x,y^)^ is a vertex-decomposable ball. 
Therefore init(y) is Cohen-Macaulay, and by semicontinuity so is Y. 

We begin with the n = 2 case. In Figure [2TT6 we associate the compatibly split subvarieties of 



Ui^x,y'^) to unions of faces of the 3-simplex by first degenerating (with respect to the Revlex^j, LeXaj, 

96 



Revlexfo^, Lex^^ weighting) and then applying the Stanley-Reisner recipe. Note that the simplex in 
the figure has been "unfolded" to make it easier to label the faces. 




Figure 2.16: Associating compatibly split subvarieties to simplicial complexes 

We now proceed to the case when n is arbitrary. 

Definition 2.3.13. Fix some positive integer n. 

Consider the following letters: a, a, t- Consider the following segments of letters: 

at) at) (^(^ t) 0,0,^ 0, 
Define a full word to be a word in segments at, at, aat, aa, a of the form 

(word in a t) o t) t) | (word in aa, a) \ (0 or 1 lone copy of a) 
such that #a + #a = n. 

Let y be a subvariety of U(^x,y") of type (s, u, t, +0) or (s, u, t, +1). Define a full word associated 
to y to be a word in segments at, at, aat, o.o.> o of the form 

(word in a t) a t) aa t) I (word in aa, d) | (a iff y is of type (s, t, +1)) 
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such that 

• i^a't +#aa t +#aa = t, #a f +#aa t= s, #aa + #o = n, if F = (s, u, t, +0). 

• #a t t +#aa = t, #a t t= s, #aa + #a = u - 1, if F = (s, i, +1) and 
u>2. 

• i^a-l +#aa t +#aa = t, H^a^ +#aa t= s, #aa + #d = 0, if 1" = (s, 0, t, +1). 

Remark. The condition #a + #a = n ensures that every full word is really a full word associated 
to Y for some compatibly split Y C Ui^^^yny (Proof: Suppose that w is a full word without a lone 
copy of a at the end. Let #a t t = #a t +#aa t= s, i^aa + #a = u. Then, 

n = #a + #a = +#a t +2 • #aa t +2 • #aa + #a = s + u + t. Thus, u; is a full word associated 
to y = (s, u, t, +0). A similar argument works when there is a lone copy of a at the end of a full 
word.) 

Proposition 2.3.14. Let Y be a compatibly split subvariety of U(^x,y")- Th^ collection of full words 
associated to Y are in one-to-one correspondence with the components ofinit{Y). Thus, the full words 

associated to Y are in one-to-one correspondence with the facets of Ay- 

More precisely, let FWy denote the set of full words associated to Y and let INy denote the set of 
components ofinitiY). Then, there is a well-defined, bijective map 

my : {wy I wy G FWy} {S C k[ai, . . . , a„, 6i, . . . , I Spec(A;[S']) G INy} 

defined in the following way: 

1. Let Wy denote a full word associated to Y. By construction, #a + #a = n. From left to right, 
number the letters a and a in wy from 1 to n. (Eg. aa t a t becomes 0102 t cts tJ 

2. Replace each t by bi such that Oj or Oj (same i as in bO now appears immediately to the left of 
bi. (Eg. aia2 t 03 t becomes 0102620363.^ 

3. Delete all hi appearing in the new word. The set of letters in the resulting word is a subset 
S C {oi, . . . , a„, 61, ... , bn}- (Eg. 0102620363 becomes 01026263.^ Define my{wy) := S. 
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Example 2.3.15. Letn = Sand let y = (l,l,l,+0). The full words associated to y are: aafa, a\aa, 
atafa, a-\a'\a. The facets of Ay are given by {01,02,62}, {61,02,03}, {61,02,62}, and {01,61,62}. 
Notice that these subsets are the images of the full words associated to Y under the map my. 



We now prove Proposition 2.3.14 



Proof of Proposition ^.3.14 It suffices to show that my is well-defined and bijective for each com- 
patibly split subvariety Y C Ui^^^yuy We proceed by induction on n. 

Suppose n = 1. Then Y is one of (1, 0, 0, +0), (0, 1, 0, +0), (0, 0, 1, +0), or (0, 0, 0, +1). In each 
case, there is exactly one full word associated to Y and exactly one component of init(y) = Y. 

Now let n be arbitrary and suppose that y is a compatibly split subvariety of U(^^^yny 



Suppose that Y = (s, u, t, +1), u > 2 : By Proposition 2.3.11 



LeXa„RevleXfc„y = - l,t,+0) x x 



Let Y' = {s,u—l,t, +0). Let S' C {ai, . . . , On-i, 61, ... , 6„_i} be such that Spec /c[S"] is a component 
of init(y'). Then, Spec A;[5'], S C {oi, . . . , o„, 61, . . . , 6^}, is a component of init(y) if and only if 
S = S' U {an} for some S'. Also, by the definition of full words, wy is a full word associated to Y 
if an only if wy = wyia for some wyi, a full word associated to Y' . Thus, we have 
{wy I Wy a full word associated to Y} = s- {wyia \ wy a full word associated to Y'} 



{S I Spec(S') a component of init(y)} 



■ {S' U o„, I Spec(S") a component of init(y')} 



where my/ determines the vertical map on the right. The diagram commutes if my is the vertical 
map on the left. Because my/ is well defined and bijective (by induction), so is my. 
Suppose that Y = (s, 0, t, +1) : By Proposition |2.3.11[ 



Lex„„RevleXfe„y = {s,0,t,+0) x Ob„ x A^^. 
By an identical argument as above, my is well defined and bijective. 



99 



Suppose that Y = (s, u, t, +0), t, u > 1 : Then, 



Lex„„Revlex6„y = {{s, u-l,t, +0) x O^^ x O^J U {s, u,t-l, +1) x 0^^ x A^^. 

Let Yi = {s,u - 1, t, +0) and Y2 = (s, u,t — 1, +1). Then, Spec ^[5*], S C {ai, . . . , a„, . . . , 6„}, is 
a component of init(y) if and only if either (i) S = Si for some C {ai, . . . , a„_i, 61, ... , 
where SpecA;[5i] is a component of init(yi), or (ii) S = ^2 U {o„} for some ^2 C {ai, . . . , a^-i, 
61, ... , bn-i} where Spec k[S2\ is a component of init(l2). 

Now, a full word associated to Y, ujy, either ends with a or aa. By the definition of full words, 
wy is a full word ending in d if an only if wy = wy^^d for some wy^^, a full word associated to 
Yi. Similarly, wy is a full word ending in aa if and only if wy = wy^a for some wyr^, a full word 
associated to Y2. Letting FWy, FWy-^, and FWy^ denote the set of full words associated to Y, Yi, 
and Y2, and letting INy, INy^, and INy^ denote the set of components of init(y), init(Yi), and 
init(l2), we get a diagram 

{wy I Wy G FWy} {wy^d \ Wy^ € FWy^} U {wy^a \ Wy^ G FWy^} 

{S I Spec(5) G INy} < {Si I Spec(Si) G INy,} U {^2 U {a„} | Spec(S2) G /A^yJ 

where the top and bottom maps are bijections and the right vertical map is given by my, on the first 

set and my^ on the second set. If the left vertical map is given by my^, then the diagram commutes. 

By induction, both my, and my^ are well defined and bijective. Thus, so is my. 

Suppose that Y = (s, l,t,+0), s<n-l, Y = (n u,u, 0,+0), or Y = (0,n,0,+0) : Then my 

is well defined and bijective by a nearly identical argument to the one above. 

Suppose Y = (s, 0, t, +0), s, t > : Then, 

Revlex6„r = {s, 0,t - 1, +1) x A^^ U (s - 1, 1, t, +0) x A^^. 

Let Yi = {s,0,t- 1,+1) and let Y2 = {s - l,l,t,+0). Then, Spec Zeis'], S C {ai,. . . ,0^,61,. . 

is a component of init(y) if and only if either (i) S = Si U {6„} for some Si C {ai, . . . ,0^-1, 
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bi,... ,bn-i} where Spec/cfSi] is a component of init(yi), or (ii) S = S2U {6„} for some ^2 C 
{ai, . . . , ttn-i, 61, ... , bn-i} where Spec k[S2\ is a component of init(y2). 

Now, a full word wy either ends with a a or t. Notice that wy is a full word ending in 
o t if an only if wy = wy^ f for some wy^, a full word associated to Yi. Similarly, (i) wy is a full 
word ending in a t if and only if wy = wy^ t for some wy^, a full word associated to I2 ending 
in a and (ii) wy is a full word ending in aa t if and only if wy = wy^ t for some wy^, a full word 
associated to Y2 ending in aa. As every full word of Y2 ends in either a or aa, there is a one-to-one 
correspondence between full words of Y ending in one of a, t or aa t and full words of Y2. 

Letting FWy, FWy^, and FWy^ denote the set of full words associated to Y, Yi, and Y2, and 
letting INy, INy^, and INy^ denote the set of components of init(y), init(yi), and init(y2), we get 
a diagram 

{wy I Wy e FWy} ^ {wy^ t I Wi G FWy^} U {wy^ t | Wy^ G FWy^} 

{S I Spec(5) € INy} {Si U {bn} I Spec(5i) G /A^yJ U {^2 U | Spec(52) e /iVyJ 

where the top and bottom maps are bijections and the right vertical map is given by my^ on the first 
set and my^ on the second set. If the left vertical map is given by my^, then the diagram commutes. 
By the relevant previous cases, both myj and my^ are well defined and bijective. Thus, so is my. 
Suppose Y is one of (n, 0, 0, +0) or (0, 0, n, +0) : my is well defined and bijective by a similar 
argument to the previous case. □ 

Remarks. 1. Let AW denote the set of all strings in the letters a, a, t such that (i) #a + #a = n 
and (ii) the first letter in the string is not t, and (iii) given two consecutive letters, they are 
not both t- Then, we may apply steps 1, 2, and 3 in the definition of my to assign a unique 
subset S C {ai, . . . , a„, 61, . . . , bn} to any w e AW. Let m denote this assignment, 

m : AW -^{S\S C {ai, . . . , a„, 61, . . . , bn}}. 

Then m is a bijection. Indeed, there is a unique way to undo steps 3, 2, and 1 appearing in 
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the definition of my. 

2. Let w e AW. Using the map from llKnu09b[ Theorem 2]), m{w) maps to a unique minimal 
compatibly split Y C Ui^r^^yny If m{w) maps to Y and w is not a full word associated to Y, we 
say that w is a partial word associated to Y. 



3. In light of Proposition 2.3.14 full words may be thought of as an analogy of the reduced pipe 
dreams that appear in the matrix Schubert variety setting (see HMSOSi Chapter 15]). Partial 
words may be thought of as an analogy of non-reduced pipe dreams. 



Using Definition 2.3.13 we can determine which compatibly split Y C U(^x,y") is associated to a 
given full word. However, it may not be obvious which Y is associated to a given partial word. The 
next proposition shows us how to do this. 

Proposition 2.3.16. Let w G AW. Then, either w does not contain any copies o/ t, or w can be 

written in the form w = wi W2 where wi is a string in a, a, and t, and W2 is a string in a and a. In 
addition, w G AW is a partial word if and only if at least one of the following holds: 

1. wi contains at least one of the following subwords: aaa, aa, aa, or aa. 

2. W2 contains a subword of the form a - ■ ■ aa where the number of copies of a appearing before the 
a is odd. 

We may fill up a partial word associated to Y (in a non-unique way) to obtain a full word associated 
to Y. This can be done using the following procedure: 

1. Write w = wi '\ W2 if w contains some \ and proceed to step 2. If w does not contain any set 
w = W2 and proceed to step 3. 

2. Consider the subword {wi t). Within this subword, move from left to right inserting a copy o/t 
in the first spot from the left where w fails to be a full word. Denote the resulting word by {wi t). 
Eg. Suppose {wi t) = aaaaaa t- Move left to right inserting copies o/t in the following way: 

aaaaaa t a t aaaaa t i-)- a t a t aooo t ^a'\-a'[aa'[aa'[ t-^a'[a'[aa'[a'[a\ 
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3. Consider the subword W2- Within this subword, move from left to right changing a to a in the 
first spot from the left where w fails to be a full word. Denote the resulting word by W2- Eg. 
Suppose W2 = aaaaaaaa. Move left to right changing a to a as follows: 



aaaaaaaa i— )• aaaaaaaa i— )• aaaaaaaa 



4. Replace w by w = wi '[ W2 if w contains some t- Replace w by W2 if w does not contain any t- 

Proof. The first part of the proposition is clear by the definition of full and partial words. We now 
show that the stated procedure for filling up a partial word associated to Y produces a full word 
associated to Y. 

Let w be a partial word associated to y. By construction, ^Z; is a full word, and thus it is 



necessarily associated to some compatibly split Y' C Ui^,j.^yn-^ (by Remark 2.3.5). We show that 
Y' = Y. 

By construction, ■m{w) C ■m{w) where m is the map described in the remarks prior to the 
proposition. So, to show that ?!; is a full word associated to Y, we show that there is no S such that 
m{w) £ 5 C m{w) and m~^(S') is a full word. Suppose that S has the property that m{w) £ -S £ 
m{w). Then, m^^{S) must be equal to w transformed by either (i) removing at least one t in wi 
that had been added to wi, or (ii) taking at least one a in W2 that came from the letter d in W2 and 
changing it back to the letter d. But then, m^^{S) is not a full word. □ 

Remark. Let w denote a partial word associated to a compatibly split Y C U(^x,y")- Then m{w) is a 
face of Ay, the simplicial complex associated to init(y). Suppose that m{w) is contained in k facets 
of Ay, then there are k different full words associated toY,wi,..., Wk, such that m{w) C m{wi), 
l<i<k. 

We now use the full words to study the simplicial complex Ay associated to the Stanley-Reisner 
scheme init(y). In particular, we show that if a stratum representative of Y can be chosen to either 
(i) have no points in \ {(0, 0)} or (ii) have at most one point on the punctured y-axis, then Ay 
is a vertex-decomposable ball. 
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Proposition 2.3.17. Let Y be a compatibly split subvariety of U/^x,y")- denote the simplicial 

complex associated to the Stanley-Reisner scheme init{Y). 

1. IfY = (s, u, 0, +0), u>0, orY = (s, u, 0, +1), u > 2, or Y = {n - 1,0, 0, +1), then Ay is a 
simplex. 

2. IfY = (0, 0, n, +0) or y = (0, 0, n - 1, +1), then Ay is a simplex. 

3. IfY = (0, u,n — u, +0), u > 1, orY = (0, u,n — u, +1), u > 2, then Ay is a vertex-decomposable 
ball. Furthermore, dY, the union of codimension-1 compatibly split subvarieties ofY, degener- 
ates to the Stanley-Reisner scheme of dAy, the boundary sphere of Ay. 

4. IfY = {l,u,n-u-l,+0), u>0,orY = (1, u, n - u - 1, +1), u>2,orY = (1, 0, n - 2, +1), 
then Ay is a vertex-decomposable ball. 

Proof. Let J{Y) C k[ai, . . . , a„, 6i, . . . , 6„] denote the ideal of y C U(^x,y"-)- 



By Proposition 2.3.11 if y = (s, u, 0, +0), u > 0, then J{Y) = . . . , bn-u+i,ai, . . . , a„). If 
y = (s, u, 0, +1), u>2, then J{Y) = {bn, 6„_„+i, ai, . . . , a„_i). If y = (n - 1,0, 0, +1), then 
J(y) = {bn,ai, . . . , ttn-i). Thus, in each of these cases, init(y) = Y and Ay is a simplex. 

Similarly, when Y = (0, 0, n, +0) or y = (0, 0, n - 1, +1), we get that init(y) = Y and Ay is a 
simplex. 

We now consider the case Y = {0,u,n — u,-\-0), u > 1 or Y = {0,u,n — w, +1), u > 2. We 
proceed by induction on n to see that Ay is a vertex-decomposable ball. When n = 1,2, the result 



holds (see Figure 2.16P . So, let n be arbitrary. 



Suppose that Y = (0, u, n — u, +0) and u = 1 : By Proposition 2.3.11 



Lex,JO, 1, n - 1, +0) = [(0, 0, n - 1, +0) x 0^^ x O^J U [(0, 0, n - 2, +1) x Ob„ x A^J. 

Let Yi = (0,0, n - l,+0) and let Y2 = (0,0, n - 2,+l). The only full word associated to Yi is 
at •••at where the segment (a t) repeats n — 1 times, and the only full word associated to Y2 
is a t • • • a t o where the segment (a t) repeats n — 2 times. Using the association of words to 
simplices given in Proposition 2.3. 14[ we can directly see that Ay is a vertex-decomposable ball. 

104 



Suppose that Y = (0, u, n - u, +0) and u > 2 : By Proposition 



2.3.11 



Lexa„(0,u,n - u,+0) = [(0,^ - l,n - u, +0) x Ofe„ x Oa„)] U [(0,u,n - u - 1,+1) x Ob„ x A^^]. 

Let Yi = (0, n — 1, n — u, +0) and let Y2 = {0,u,n — u — 1, +1). Now vertex decompose Ay with 
respect to a„. From above, we see that del(a„) = Ay^ and Hnk(a„) = Ayj. 

By induction, each of Ay^ and Ayj are vertex-decomposable balls. So, to get that Ay is a vertex- 
decomposable ball, it suffices to show that link(a„) is contained inside of the boundary sphere of 
del(an). To do this, we show that each facet of link(an) is contained in exactly one facet of del(an). 

• If wik is a full word associated to a facet of link(a„), then wik can be written as wik = {w[j^)a, 
where the number of segments of letters of type (a t), (a t)? (aa t)? (aa)? ^^d (d) in w[ satisfies 

the conditions #(d t) = #(aa t) = 0, #(a t) + #(aa) = n-u-l, and #(aa) + #(d) = u - 1. 

• If Wd is a full word associated to a facet of del(a„), then the number of segments of letters of 
type (a t), (a t)j t)j and (d) in Wd satisfies the conditions #(d t) = t) = Oj 

#(a t) + #(aa) = n - u, and #(aa) + #(d) = u - 1. 

Therefore, either (i) wik has one fewer (a f) and the same number of (aa) and (d) as Wd or (ii) 
wik has one fewer (aa), one extra (d), and the same number of (a t) as Wd- 

Now, let m denote the map that assigns simplices to full words and let wik be given. Write wik 
as wik = wik,i t ^1^.2- Suppose first that there are no d in wik,2- Then, the only way to obtain a full 
word Wd associated to a facet in del(a„) such that m{wik) Q m{wd) is to insert a copy of t after the 
first occurance of the letter a in wik^2- 

Now suppose that wik^2 contains at least one d. Changing the last occurance of d to a yields 
a word Wd associated to a facet of del(an) such that m{wik) ^ m{wd)- Furthermore, noting (i) 
and (ii) above, we can check that no other change to wik will yield a full word associated to a 
facet of del(a„) such that m{wik) Q m{wd)- Indeed, changing any other appearance of d to a will 
necessarily yield a partial word since there will be a string a • • • ad with an odd number of the letter 
a appearing before d. In addition, it is not permissible to add a copy of t to wik as this will again 
cause there to be an odd number of the letter a in a string of the form a • • • ad. 
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Thus, link(a„) is contained in the boundary of del(a„) and it follows that Ay is a vertex- 
decomposable ball. 

Suppose that Y = (0, u, n — u, +1), u > 2 : Then Lex^^ = (0, n — 1, n — n, +0) x 0;,^ x A^^ and so 
Ay is a cone on A(o,M_i,n-u,+o)- As A(o_„_i,„_„,+o) is a vertex-decomposable ball, so is Ay. 
Suppose that Y = (1, 0, n - 1, +0) : Then, 

Ay = {SU{bn} I S C {ai,6i,. . . ,a„_i,6„_i,a„}, |5| = 2n - 2}. 

To see that Ay is a vertex-decomposable ball, we show that 

X = {SU {xm} I S C {xi, . . .,Xm-i}, \S\=m- 2} 

is a vertex-decomposable ball. To do so, we proceed by induction on m. When m = 1, the result 
is trivial. Now let m be arbitrary and vertex decompose with respect to Xm-i- Then del(xn) is a 
single simplex {xi, . . . , Xm-2,Xm} and so is a vertex-decomposable ball. Also, 

link(xm,-i) = {5" U {xm} I 5 C {xi, . . . , Xm-2}, \S\=m- 3} 

and so is a vertex-decomposable ball by induction. It's clear that link(a;m-i) is contained in the 
boundary sphere of del(xn). Thus, X is a vertex-decomposable ball and so Ay is too. 

Next, consider the case Y = {l,u,n — u — 1, +0), u > 1, or Y = {l,u,n — u — 1, +1), n > 2, or 
Y = (1, 0, n— 2, +1). Proceed by induction on n. When n = 1 or n = 2, Ay is a vertex-decomposable 



ball (see Figure 2.16). 



Suppose that Y = (1, 1, n - 2, +0), n > 3 : By Proposition 2.3.11 



Lexajy) = [(l,0,n-2,+0) xO;,„ x OaJ U [(1, 0, n - 3, +1) x 0;,„ x A^J. 

Let Yi = (1, 0, n — 2, +0) and let Y2 = (1, 0, n — 3, +1). Now vertex decompose Ay with respect to 
an- From above, we see that del(a„) = Ay^ and link(a„) = Ayj. By the previous case, each of Ay^ 
and are vertex-decomposable balls. As each facet oi F e link(an) is contained in exactly one 
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facet of del(a„) (i.e. F U {^n-i}), we see that link(a„) is contained in the boundary of del(a„) and 
so Ay is a vertex-decomposable ball. 



Suppose that Y = (1, u, n - u - 1, +0), u > 2 : By Proposition 2.3.11 



Lex«„ (y) = [(1, u - 1, n - n - 1, +0) X Ofe„ X O^J U [(1, u,n-u-2,+l)x 0;,„ x A^J. 

Let Yi = (1, n — 1, n — ti — 1, +0) and let I2 = (1, u, n — n — 2, +1). By induction, each of Ay^ 
and /S.Y2 are vertex-decomposable balls. So, to get that Ay is a vertex-decomposable ball, it again 
suffices to show that link(a„) is contained inside of the boundary sphere of del(an). This argument 
is nearly identical to the one given when Y = {0,u,n — u, +0), u > 2, so we do not repeat it. 
Suppose that Y = (1, u, n - u - 1, +1), u > 2, or Y = (1, 0, n - 2, +1) : As before. Ay is the 
cone on some Ay/ which is already known to be a vertex-decomposable ball. Thus, Ay is a vertex- 
decomposable ball. 

To complete the proof, it remains to show that dY degenerates to the Stanley-Reisner scheme 
of the boundary sphere of Ay when Y = {0,u,n — u, +0), u > 1, or Y = {0,u,n — u, +1), u > 2. 
Proceed by induction on n. When n = 1,2, the result is either trivial or seen to be true in Figure 

ME 

Now let y = (0, It, n - u, +0), u>2. First note that 

dY = {l,u,n-u - l,+0) U (0,n+ l,n - n - 1,+1). 

Let C = {l,u,n - u - I, +0) and let D = {0,u + l,n - u - 1, +1). Then, 

1. Lexa„(y) = [(O,^- l,n-'u,+0) x Ob„ x OaJ U [(0, u, n - u - 1, +1) x Of,„ x A^J. Let y and 
Y2 denote the two components of LeXa^(y). 

2. Lex^JC) = [(l,n-l,n-'u-l,+0) x 0;,„ x O^J U [(1, u, n - u - 2, +1) x 0;,„ x A^J. Let C7i 
and C2 denote the two components of the union. 

3. Lex„„ (D) = {0,u,n-u-l, +0) x Ofe„ x A^^. 

4. By 1., 2., and 3., (OYi) \ (Yi n y,) = Ci and {dY2) \ {Yi n Y2) = C2 U heXa^D. 
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By induction, (dYi) \ {Yi n Y2) and (9I2) \ (^1 n I2) degenerate to Stanley-Reisner schemes of 
subsets of the boundary spheres of Ay^ and Ayj. By item 4., LeXa„C U heXa^D degenerates to the 
Stanley-Reisner scheme of the boundary sphere of Ay. 

The remaining (very similar) cases are left to the reader □ 

Example 2.3.18. As an example of the remaining case, consider Y = (2,0, l,+0) C Ui^^^yiy The 
simplicial complex associated to init(y) has the following facets: {02,03,61,63}, {03,61,62,63}, 
{01,61,62,63}, {01,02,62,63}, {02,61,62,63}. Therefore Ay is not homeomorphic to a ball (see 
Figure [2?T7| ). 

cone 



SR 




Figure 2.17: The simplicial complex associated to init(2, 0, 1, +0). Note that the red edge is the 
simplicial complex associated to (3, 0, 0, +0), the non-Rl locus of (2, 0, 1, +0). 



We obtain the following consequence of Proposition 2.3.17 



Corollary 2.3.19. The compatibly split subvarieties of U(^x,y^) listed in Proposition 2.3. 1 7 are Cohen- 
Macaulay. 



Proof. Each Y described in Proposition 2.3.17 degenerates onto the Stanley-Reisner scheme of a 
shellable ball. Thus, init(y) is Cohen-Macaulay. By semicontinuity (of local cohomology), so is 
Y. □ 
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